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ABSTRACT OF THESIS submitted by Matthew T. Penny
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Gravitational microlensing occurs when a massive lens (typically a star) deflects light
from a more distant source, creating two unresolvable images that are magnified. The
effect is transient due to the motions of the lens and source, and the changing magnifi-
cation gives rise to a characteristic lightcurve. If the lensing object is a binary star or
planetary system, more images are created and the lightcurve becomes more compli-
cated. Detection of these lightcurve features allows the lens companion’s presence to
be inferred.
Orbital motion of the binary lens can be detected in some microlensing events,
but the expected fraction of events which show orbital motion has not been known
previously. We use simulations of orbiting-lens microlensing events to determine the
fraction of binary-lens events that are expected to show orbital motion. We also use
the simulations to investigate the factors that affect this detectability.
Following the discovery of some rapidly-rotating lenses in the simulations, we in-
vestigate the conditions necessary to detect lenses that undergo a complete orbit during
a microlensing event. We find that such events are detectable and that they should oc-
cur at a low but detectable rate. We also derive approximate expressions to estimate the
lens parameters, including the period, from the lightcurve. Measurement of the orbital
period can in some cases allow the lens mass to be measured.
Finally we develop a comprehensive microlensing simulator, MaBµLS, that uses
the output of the Besanc¸on Galaxy model to produce synthetic images of Galactic star-
fields. Microlensing events are added to the images and photometry of their lightcurves
simulated. We apply these simulations to a proposed microlensing survey by the Euclid
space mission to estimate its planet detection yield.
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Now think about this for a minute: we’ve been looking out of telescopes for 300 years;
we’ve been sending probes out into space, and we have never seen anything as beauti-
ful as what we see when we walk out the front door.
Alan Bean,
Apollo 12 astronaut and artist
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1Gravitational microlensing: basic
theory
1.1 Introduction
Gravitational microlensing occurs when the mass of an object bends and magnifies the
light from a more distant star passing almost directly behind it. This chance alignment
is transient, and the relative motions of the background source and foreground lens
give rise to a recognizable lightcurve as the apparent brightness of the source changes.
The presence of additional masses in the lensing system, such as stellar or planetary
companions, can cause a diverse range of more complicated lightcurves, whose fea-
tures can be used to infer the presence and properties of the companions. Microlensing
simulations can be used to aid the design of microlensing experiments and provide in-
sight into complex aspects of microlensing phenomena. Simulations also play a vital
role in the interpretation of microlensing surveys.
This thesis describes several pieces of work where microlensing simulations have
been used to better understand complex microlensing phenomena or to judge the per-
formance of a proposed microlensing survey. The structure of the work is as follows. In
this first chapter, the basic theory of gravitational microlensing, by both single masses
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1: GRAVITATIONAL MICROLENSING: BASIC THEORY
and binary systems, is introduced. Chapter 2 describes how microlensing events are
observed and how microlensing surveys can be simulated. Chapter 3 describes the
development and results of a simulation investigating the effects of orbital motion in
binary microlenses. Chapter 4 develops the theory of ‘rapidly-rotating lenses’ and
uses simulations to estimate the occurrence rate of microlensing events involving such
lenses. Chapter 5 describes the development of the first planetary microlensing sim-
ulator to use a population synthesis Galactic model, and applies the simulations to a
planetary microlensing survey by the proposed Euclid space mission.
1.2 The single lens
We begin by examining the simplest case of microlensing: microlensing by a single
point mass. The topics covered in this section and the next have been the subject of
many reviews (Paczyn´ski 1996; Wambsganss 2006; Mao 2008; Gaudi 2010, to name
a few). Unless otherwise referenced, we refer the reader to these articles here, in order
to avoid repetitive referencing.
Although first derived by Einstein (1936), and expanded on by Tikhov (1938), the
derivation of the properties of a single point-mass lens were perhaps most clearly and
concisely described, independently and simultaneously, by Liebes (1964) and Refsdal
(1964). They were also the first to quantitatively estimate microlensing event rates
(see Section 2.1.1), based on knowledge of the Galaxy at that time. However, it was
Paczyn´ski (1986) who proposed microlensing as a method to search for dark mat-
ter in the form of MACHOs,1 that finally provided the justification to begin massive
searches for microlensing. Shortly after the first microlensing surveys began, Mao and
Paczyn´ski (1991) and Gould and Loeb (1992) showed that microlensing could be used
to detect planets orbiting lens stars.
Einstein (1915) derived the deflection angle of a light ray in a gravitational field of
1MAssive Compact Halo Objects
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O
L
S
I+
I−
~β
~θ
~ˆα
~ξ
~η
Ds
Dl Dls
Figure 1.1 – The geometry of light paths through a gravitational lens. Light leaves the source
S and passes the lens L to reach the observer O, appearing as two images (I+ and I−). The
two-dimensional angle vector ~β is the true position of the source on the sky, measured relative
to the origin, which we assume to be the position of the lens. ~θ is the apparent position of an
image and ~ˆα is the deflection angle of passing light. ~ξ = ~θDl and ~η = ~βDs are the projected
distance vectors in the plane of the sky of the lens and source, respectively, and Dl and Ds are
the distance from the observer to the lens and source, respectively; Dls is the distance between
the lens and source.
MATTHEW T. PENNY 23
1: GRAVITATIONAL MICROLENSING: BASIC THEORY
a point mass M to be
~ˆα =
4GM
c2
~ξ
ξ2
, (1.1)
where ~ξ is the two-dimensional displacement vector2 of the light ray from the mass
at their closest approach (in the plane perpendicular to the line of sight to the lens),
and G and c are the gravitational constant and speed of light, respectively. Using the
geometry shown in Figure 1.1, and assuming small angles, Einstein (1936) derived
expressions for the image positions and magnifications of a single lens. Figure 1.1
shows light rays emitted by a source S at distance Ds deflected by a massive deflector
L (the lens) at distance Dl, so that they reach an observer O. We choose the origin
of our sky coordinate system to coincide with the lens. In the absence of deflection,
the source would be separated from the lens by the angle ~β, a two dimensional vector
on the sky. Light rays that reach the observer pass the lens with a displacement ~ξ
and so the observer sees an image I at the angle ~θ = ~ξ/Dl. The physical projected
displacement of the source from the origin is ~η = ~βDs.
Using simple geometry, and assuming small angles, we can write down the rela-
tionship between the undeflected source position and the image position, known as the
lens equation
~η =
Ds
Dl
~ξ − Dls~ˆα, (1.2)
where Dls is the distance between the lens and source. This can be rewritten in terms
of the angles ~β and ~θ as
~β = ~θ − 4GM
c2
Dls
DlDs
~θ
θ2
, (1.3)
by dividing through by Ds. Defining the angular Einstein radius as
θE =
√
4GM
c2
Dls
DlDs
, (1.4)
and dividing Equation 1.3 by θE, we obtain the normalized lens equation
~u = ~r − ~r
r2
, (1.5)
2For the single point-mass lens, the lensing potential is axisymmetric and the vector notation can be
dropped, but we retain it as it is necessary for the later treatment of binary lenses.
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where ~u = ~β/θE and ~r = ~θ/θE are the vector positions of the source and images,
respectively, with magnitudes normalized to θE. It can immediately be seen that if
θ ≫ θE then u → r and the effect of the lens will be negligible. Therefore θE defines
the angular separation scale over which lensing effects are important. In this work we
will consider the lensing effects of stars on other stars in the Galaxy, so in the typical
units of Solar masses and kpc
θE = 2.85 mas
(
M
M⊙
)1/2 (1 − x
x
)1/2 ( Ds
kpc
)−1/2
, (1.6)
where we have defined the fractional lens distance x = Dl/Ds. At the position of the
lens, the physical scale of θE is
rE = DlθE = 2.85 AU
(
M
M⊙
)1/2
[x(1 − x)]1/2
(
Ds
kpc
)1/2
, (1.7)
the physical Einstein radius.
The lens equation can be used to determine the undeflected source position given
the position of an image, but often we are interested in the inverse problem: finding
the image positions given the source position. As the source, lens and observer all lie
in the same plane, due to symmetry, so must the images, and we may drop the vector
notation. The lens equation for a single lens is then
u = r − 1
r
. (1.8)
This is easily rearranged into a quadratic and solved, yielding two solutions
r± =
u ±
√
u2 + 4
2
, (1.9)
corresponding to two images: one, the major image at r+ > 1, outside the Einstein
radius, and the other, the minor image at −1 < r− < 0, inside the Einstein radius and
on the opposite side of the lens. The images are separated by |r+ − r−| ∼ 2 when u . 1
(an angle ∼6 mas/√Ds/kpc), implying that the images cannot be resolved by optical
telescopes for typical microlensing events in the Galaxy.
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If the images cannot be resolved, then the only way that microlensing can be de-
tected is if it magnifies the source star.3 The magnification of the source can be calcu-
lated by considering the lensing of a small annular segment of thickness du and width
udφ at the position of the source (u, φ) in polar coordinates. The source segment is
lensed into two annular image segments, with the same angular width and thickness
dr±. The magnification µ± of each image is given by the ratio of the image to source
areas
µ± =
r±dφdr±
udφdu (1.10)
=
u ±
√
u2 + 4
2u
dr±
du (1.11)
=
1
2
(
1 ± u
2 + 2
u
√
u2 + 4
)
. (1.12)
The second non-constant term always has a magnitude greater than one, so the major
image has a magnification µ+, which is always positive and greater than one.4 Sim-
ilarly, the minor image always has a negative magnification µ− < 0, so the image is
inverted and may be either magnified or demagnified. We are unable to resolve the im-
ages, but as gravitational lensing conserves surface brightness (Schneider et al. 1992),
the total absolute magnification µ is an observable quantity
µ ≡ |µ+| + |µ−| = µ+ − µ− (1.13)
=
u2 + 2
u
√
u2 + 4
. (1.14)
3This is not strictly true, as the lens may cause significant shifts to the light centroid of the source,
even when the source is not significantly magnified (Hog et al. 1995; Walker 1995; Dominik and Sahu
2000). Such centroid shifts can be measured to accuracies of small fractions of a pixel if the point spread
function is well sampled. We do not consider such astrometric microlensing effects in this thesis, so do
not discuss them further.
4The sign of the magnification indicates its parity. A positive parity image is not inverted, while
a negative parity image is inverted. The magnitude of the magnification indicates whether an image
is magnified of demagnified. A magnified image has magnification |µ| > 1 and so is larger than the
unlensed source, while a demagnified image has magnification |µ| < 1 and is smaller than the unlensed
source.
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Unless otherwise noted, all further references to the magnification should be taken to
mean the total absolute magnification.
The magnification of a point-mass lens has the following important properties:
• the magnification is always greater than or equal to one,
• the magnification scales as u−1 for u ≪ 1,
• the magnification diverges as u tends to zero,
• the magnification scales as 1 + 2u−4 for u ≫ 1,
• the magnification tends to one as u tends to infinity.
So, a lensed source is never demagnified and as a source approaches perfect alignment
its magnification diverges. This is obviously unphysical, and we discuss how real
lenses behave when perfectly aligned in Section 2.1.3.
The components of the systems we consider (source stars, lenses and the observer
on Earth) are all in motion relative to each other, so their alignment is transient. The
timescale over which a source will be lensed is the time taken for the source to move
relative to the observer-lens line of sight by an angular distance equal to the angular
Einstein radius. This is the Einstein radius crossing timescale tE, which we shall simply
call the microlensing, event or Einstein timescale. If we assume the source, lens and
observer are all in rectilinear motion
tE =
θE
µrel
=
rE
vt
, (1.15)
where µrel is the relative proper motion between the lens and source, and vt is the
relative lens-source transverse velocity measured at the lens. Typical velocities within
the Galaxy are ∼200 km s−1, so in the standard units
tE = 49.4d
(
M
M⊙
)1/2
[x(1 − x)]1/2
(
Ds
kpc
)1/2 (
vt
100km s−1
)−1
. (1.16)
Microlensing will therefore cause a temporary brightening of an otherwise constant
background source over the course of a month or so. If we assume the source travels
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Figure 1.2 – Lightcurves and source trajectories of a single lens. Lightcurves (Equation 1.18)
of single lenses with different values of the impact parameter u0 are shown in different colours.
The inset shows the source trajectories for the lightcurves in the main plot. The dashed line
shows the Einstein ring, while the point shows the position of the lens.
in a straight line, relative to the lens, then the source-lens separation as a function of
time in our normalized units will be
u(t) =
√
u20 +
(
t − t0
tE
)2
, (1.17)
where t0 is the time of lens-source closest approach and u0 is the minimum lens-source
separation, in units of the Einstein radius. The magnification of the source as a function
of time is then found by substituting u(t) into Equation 1.14
µ(t) = u(t)
2 + 2
u(t)
√
u(t)2 + 4
. (1.18)
This is the so-called Paczyn´ski lightcurve (Paczyn´ski 1986).
Figure 1.2 shows several examples of the Paczyn´ski lightcurve with different values
of u0. The effect of the timescale tE is only to stretch the lightcurve in time, while t0
shifts the lightcurve in time. The lightcurve is symmetric about a single peak, and is
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constant far from the peak. This is in contrast to other astrophysical variable sources,
which may have asymmetric lightcurves with constant baselines (e.g., Supernovae,
Novae), continuous periodic variability (e.g., variable stars such as Cepheids and RR
Lyrae), or repeating episodes of variability (e.g., cataclysmic variables). It should be
noted that the only parameter of a single-lens lightcurve that is physically interesting
is the timescale tE. The other parameters t0 and u0 reflect the random timing and
alignment of the microlensing event. This means that all the information that we would
like to know about the lens (its mass, distance and velocity) is constrained by just one
parameter. It is therefore impossible to determine these quantities uniquely without
additional information. This is known as the microlensing degeneracy, and we shall
discuss how it can be broken in the next chapter.
1.3 Binary lenses
A large fraction of stars are not isolated, but part of binary or multiple star sys-
tems (Duquennoy and Mayor 1991; Raghavan et al. 2010) or planetary systems (Cum-
ming et al. 2008; Johnson et al. 2010; Sumi et al. 2010; Howard et al. 2011; Mayor
et al. 2011). In this section we derive the properties of microlensing by binary lenses.
As microlensing is sensitive to mass and not light, planetary-mass bodies can also
affect the lightcurve.
1.3.1 The lens equation
In the previous section we saw how the lens equation of a single lens can be derived di-
rectly from the lensing geometry, provided one knows the form of the deflection angle.
Derivation of the multiple point-mass lens equation is equally straight forward. Equa-
tion 1.1 can be generalized for a mass Mi, not necessarily at the origin, that deflects a
light ray by an angle
~ˆαi =
4GMi
c2
~ξ − ~ξi
|~ξ − ~ξi|2
, (1.19)
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where ~ξ − ~ξi is the two-dimensional ray-lens displacement vector (~ξ is the ray position
and ~ξi the position of the point-mass lens i). The total deflection that a ray experiences
is simply the sum of all deflections from N point-mass lenses (Bourassa et al. 1973)
~ˆα =
N∑
i=1
~ˆαi. (1.20)
We can then write the lens equation for an N point-mass lens as
~β = ~ξ − θ2E
N∑
i=1
mi
~ξ − ~ξi
|~ξ − ~ξi|2
, (1.21)
where for convenience we have chosen to define the lens equation in terms of the
Einstein radius of the total lens mass M, and where mi = Mi/M, the ratio of mass i to
the total mass. This equation can then be normalized in the same way as Equation 1.3
zs = z −
N∑
i=1
mi
z − zi
, (1.22)
where we have switched to a complex notation first used by Bourassa et al. (1973) and
first applied to microlensing by Witt (1990). The two dimensional vectors (~ξ = (x, y)
etc.) are replaced with complex numbers (z = x + iy etc.) and crucially the vector
inverse, e.g., ~ξ/|~ξ|2, is greatly simplified by replacing it with a complex division, 1/z¯,
where the bar represents complex conjugation. As a binary lens is the most complex
lens considered in the thesis, we do not pursue a solution of the general N-point-mass
lens equation, though similar steps to those we will take for the binary lens can be used
to derive the result for larger values of N (e.g., Rhie 2002).
The binary point-mass lens was first considered in detail by Schneider and Weiss
(1986), and most of the results in the remainder of this section follow from that work.
However, before beginning, it is helpful to describe the standard parametrization of a
binary lens. While not axisymmetric like the single lens, the binary lens does possess
a reflectional symmetry axis (the binary axis), which passes through the two lens com-
ponents. Without loss of generality, we can define a reference frame with its origin
somewhere along the binary axis, such that the lens positions z1 and z2 are real. There
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are many good choices for the position of the origin, depending on the problem at
hand. As we will study orbital motion of the binary lens in subsequent chapters, the
lens centre of mass is the obvious choice of origin. It is now possible to completely
parametrize the binary lens with two parameters: the mass ratio q ≡ M2/M1 = m2/m1,
which completely specifies the component masses, as we have normalized relative to
the total mass; and the projected separation s ≡ |z2−z1|, which completely specifies the
position of the lenses relative to their centre of mass. We will use the terms primary
and secondary lens to refer to the more and less massive lens components respectively.
It is s and q that are the observables of a binary lens. Unless additional information is
available, the microlensing degeneracy and projection of the orbit prevents s and q be-
ing converted into the physical quantities that we would like to know: the companion
mass and the orbital radius.
From Equation 1.22, and substituting in our definition of the mass ratio, the lens
equation can be written
z = zs +
(
m1
z − z1
+
m2
z − z2
)
, (1.23)
where m1 = 1/(1 + q), m2 = q/(1 + q) and |z2 − z1| = s. Again, we would like to
know the image positions given the source position, so we must solve the lens equa-
tion. However, as z and z are linearly independent,5 we have one equation with two
unknowns. We can eliminate z by taking the complex conjugate of Equation 1.23
z = zs +
(
m1
z − z1
+
m2
z − z2
)
, (1.24)
to yield an expression for z that can be substituted back into Equation 1.23. The lens
equation can then be rearranged into a fifth order polynomial, which, in general must
be solved numerically. The polynomial order implies there must be five solutions,
however, not every solution to the polynomial is a solution to the lens equation and each
solution found must be checked. In fact, there are always either three or five solutions
to the binary-lens equation (Schneider and Weiss 1986); as we shall see below, this has
important implications for binary-lens lightcurves.
5This can be seen by constructing the quantities 12 (z + z) = Re(z) and 12 (z − z) = Im(z).
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Just as for a single lens, the magnification of the images is the ratio of their area to
the area of the source. An infinitesimal area element on the source plane d2S s is related
to one on the image plane d2S l by
d2S s = |J|d2S l, (1.25)
where J is the Jacobian of the lens equation
J = ∂(zs, zs)
∂(z, z) . (1.26)
The magnification of an image i of a point source is therefore
Ai =
1
|J| =
1
J
, (1.27)
the inverse of the Jacobian determinant, evaluated at the position of the image. It is
straightforward to differentiate the lens equation to obtain
J =
∂zs
∂z
∂zs
∂z
− ∂zs
∂z
∂zs
∂z
= 1 −
∣∣∣∣∣ m1(z − z1)2 +
m2
(z − z2)2
∣∣∣∣∣2 .
(1.28)
Similar to the single lens, images may have positive or negative parity, and the total
magnification is the sum of the absolute magnification of all images
A ≡
Nimages∑
i
|Ai|. (1.29)
1.3.2 Critical curves and caustics
Before proceeding to plot lightcurves of a binary lens, it is important to pause and
examine the Jacobian a little more closely. It can be seen that J may equal zero, when
the terms within the modulus brackets lie on the unit circle. When this occurs, the
magnification of an image becomes infinite. We can find the points where this occurs
by setting J = 0 to yield ∣∣∣∣∣ m1(z − z1)2 +
m2
(z − z2)2
∣∣∣∣∣2 = 1, (1.30)
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Figure 1.3 – Example critical curves and caustics of each of the three topologies: close, res-
onant and wide. Dashed lines mark the boundaries between the topologies, plotted on the
separation-mass ratio (s-q) plane. Dot-dash lines show critical curves, while solid lines show
caustics and dots show the position of the lenses, the more massive lens on the left. All the
critical curves and caustics are plotted on the same scale, shown by the scale bar with length
θE. The mass ratio of each lens is q = 0.1, while the close lens has a separation s = 0.7, the
resonant s = 1.05 and the wide s = 1.75. Figure design based on a similar figure by Cassan
(2008).
which becomes
m1
(z − z1)2 +
m2
(z − z2)2 = e
iφ, (1.31)
which can be solved for z by rearranging into to a fourth order polynomial. This
equation can be solved, usually numerically, for any given value of the parameter φ,
to yield four solutions. When φ is run over 0 → 2π, the four solutions join to form
smooth, closed curves, called critical curves. The magnification of images on these
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curves diverges. The positions on the source plane that give rise to critical images
can be found by mapping the critical curves back to the source plane using the lens
equation. These curves are called caustics, and are formed of smooth, so-called fold
curves, which meet at sharp ‘cusps’. Figure 1.3 shows examples of critical curves and
caustics.
The critical curves, being locations where J = 0, separate regions of opposite
image parity. The caustics separate regions of the source plane with different numbers
of images: for a binary lens, outside the caustics the source is lensed into three images,
while inside it is lensed into five (Schneider and Weiss 1986). As a source enters (or
leaves) a caustic, two images of opposite parity are created (destroyed) at the critical
curve. This behaviour causes large discontinuities in the lightcurves of binary lenses
(see Section 1.3.3 below).
Schneider and Weiss (1986) showed that the number of caustics, their size, and
their shape, is determined only by the mass ratio q and projected separation s of the
lens. They found that there were only three possible caustic configurations for a binary
lens. These topologies, called close, resonant and wide, have three, one, and two
disjoint caustics, respectively. Erdl and Schneider (1993) found analytic expressions
for the lines in the s-q plane that divide the different topologies:
s8c =
(1 + q)2
27q
(1 − s4c)3, (1.32)
divides regions of close and resonant topology, and
s2w =
(1 + q1/3)3
1 + q
, (1.33)
divides regions of resonant and wide topology. Figure 1.3 shows examples of each
configuration, as well as the lines that separate them. At these lines the multiple caus-
tics of the close and wide topologies merge to form the single resonant caustic. The
caustic that lies close to the primary lens in both close and wide topologies is often
referred to as the central caustic, while the other caustics are known as secondary or
planetary caustics.
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1.3.3 Lightcurves
The lightcurve of a binary-microlensing event can be found by again assuming that the
source moves along a straight trajectory. As the lens is no longer axisymmetric, we
must specify the angle of the source trajectory α, relative to the binary axis, along with
the impact parameter u0, relative to our chosen origin. The additional three parameters
(s, q and α) result in significantly more variety in the lightcurves of binary lenses
compared to single lenses (Mao and Paczyn´ski 1991). It is difficult to summarize this
variety, but Figures 1.4 and 1.5 show two example lightcurves for the same binary
lens. In Figure 1.4 the source does not cross a caustic, while in Figure 1.5 it does. In
general, binary-lens lightcurves are asymmetric and may have one or more peaks. In
many cases the binary lightcurve can resemble that of a single lens, with only small
deviations from the Paczyn´ski form, or it may have large deviations localized to a small
section of the lightcurve. Such deviations can be missed, either through low signal-to-
noise photometry or sparse sampling of the lightcurve; for example, the lightcurve in
Figure 1.4 could be mistaken for a single-lens lightcurve if the photometry was only
accurate to ∼0.1 magnitudes and the lightcurve was not densely sampled.
The strongest features in binary lightcurves are associated with caustics, and a great
deal of work has gone into characterizing their features and effects.6 When a source
enters (or leaves) a caustic, two additional, highly-magnified images are created (or
destroyed) causing a large, sharp increase (decrease) in the total magnification. A
source that enters a caustic must also leave it, so caustic crossings cause strong U-
shaped features in binary lightcurves, as can be seen in Figure 1.5. Even passage
close to a caustic can cause strong lightcurve features, especially passage near a cusp.
Unless the lightcurve sampling is very sparse, caustic-induced features can usually
be detected even with very poor photometry. Therefore, the probability of detecting
the binary nature of the lens is closely approximated by the probability of the source
6See for example Witt and Mao (1995), Dominik (1999), Bozza (1999), Bozza (2000a), Bozza
(2000b), Han et al. (2000), Gaudi and Petters (2002a), Gaudi and Petters (2002b), An (2005), Chung
et al. (2005), Han (2006), Chung (2009), Chung and Lee (2011).
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Figure 1.4 – Example of a non-caustic-crossing microlensing lightcurve (lower panel) caused
by a binary lens with projected separation s = 0.9 and mass ratio q = 0.1. The upper panel
shows the caustic in red and the source trajectory, moving from left to right, in black. The
impact parameter is u0 = −0.5 and the trajectory angle is α = 240◦.
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Figure 1.5 – Example of a caustic-crossing microlensing lightcurve. The event is identical to
that shown in Figure 1.4, but for the impact parameter, which for this event is u0 = −0.1.
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encountering a caustic, which is roughly proportional to the caustic size.
The caustics are largest when the mass ratio q is close to one, and when the separa-
tion s is close to one (Schneider and Weiss 1986). For small mass ratios (i.e., planetary
lenses) the caustic size decreases roughly as q1/2 for planetary caustics and roughly as
q for central caustics (Bozza 1999; Han 2006). The shallow scaling of the planetary
caustic size means that planetary caustics are still detectable with mass ratios q ∼ 10−6,
i.e., of the order of the Earth-Sun mass ratio. As s becomes large, the size of the plane-
tary caustic scales approximately as s−2, while, as s becomes small it scales as s3 (Han
2006); the size of the central caustic scales approximately as (s + s−1)−2 when s is
either large or small (Chung et al. 2005). The strong scaling of the planetary caustic
size leads to the concept of a lensing zone, a range of separations surrounding s = 1,
over which the size of the planetary caustic is largest and detection of a planet is most
likely (Gould and Loeb 1992). This zone is typically considered to extend over the
range 0.6 < s < 1.6 (Wambsganss 1997; Griest and Safizadeh 1998; Han 2009b).
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2Microlensing observations and
simulations
Having discussed the basic theory of microlensing in Chapter 1, we now focus on the
more practical aspects of observing and simulating microlensing. After a brief theo-
retical detour to calculate the expected number of microlensing events, the first section
describes the strategies and equipment that microlensing surveys employ, before dis-
cussing some of the complications associated with real events that were not covered
in the first chapter. The second section introduces microlensing simulations, detailing
the various aspects that should be considered when building a simulation, and briefly
reviews some of the ways microlensing simulations have been used in the past.
2.1 Microlensing observations
2.1.1 The probability of microlensing
The probability that any given source is currently being microlensed is closely related
to the microlensing optical depth to that source. The optical depth is the cross section
of all lenses lying between the observer and the source, and is chosen to be the area
enclosed by the Einstein radius of each lens. Therefore the optical depth to a source at
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Ds is
τ =
1
δA
∫ Ds
0
δAdDln(Dl)πr2E, (2.1)
(Vietri and Ostriker 1983), where δAdDl is an infinitesimal volume element along the
line of sight to the source, with δA representing a small area perpendicular to the line
of sight and n(Dl) is the number density of lenses along the line of sight at distance
Dl. When the number density is replaced by the mass density of lenses ρ(Dl), the
dependence of rE on the individual lens masses cancels out, and τ can be written
τ =
∫ Ds
0
4πGρ(Dl)
c2
Dl(Ds − Dl)
Ds
dDl. (2.2)
The probability that a given source is being microlensed is
P = 1 − e−τ. (2.3)
When τ is small, P ≃ τ, which is the case for Galactic microlensing. To get an order of
magnitude estimate of the optical depth, we can assume that the mass density of stars
is constant, with its local value 0.1M⊙pc3; for a source at the distance of the Galactic
centre R0 = 8 kpc, the optical depth is therefore τ ≈ 6 × 10−7. Observations, as well as
estimates of the optical depth calculated using more realistic Galactic models, suggest
larger values of τ ≈ 1–5×10−6 (Bissantz et al. 1997; Han and Gould 2003; Hamadache
et al. 2006; Popowski et al. 2005; Sumi et al. 2003; Kozłowski 2007; Sumi et al. 2006;
Kerins et al. 2009, ordered by the optical depth estimates).
The microlensing event rate, the rate at which new microlensing events occur, is
closely related to the optical depth. The rate at which microlensing events occur for a
given source is
γ =
2τ
π〈tE〉
. (2.4)
where 〈tE〉 is the event timescale averaged over the distribution of lens distances,
masses and relative lens-source velocities. The total event rate Γ is
Γ =
Ns∑ 2
π
τ(Ds)
〈tE〉
, (2.5)
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where Ns is the number of monitored sources. Adopting a value of 〈tE〉 ≈ 20 d, yields
a total event rate
Γ ≈ 12yr−1 τ
10−6
Ns
106 . (2.6)
It is therefore necessary to monitor millions of stars to have a reasonable chance of
detecting a microlensing event.
2.1.2 Microlensing surveys
The primary aim of most current microlensing surveys is to detect extrasolar planets.
The probability of a planet causing a detectable signature in any given microlensing
event is small, ∼10−2 (e.g., Mao and Paczyn´ski 1991; Gould and Loeb 1992; Bennett
and Rhie 1996). This implies that in order to have a reasonable chance of detecting a
planet, hundreds of microlensing events must be monitored. With microlensing event
rates Γ ∼ 10 events per year per million stars, a survey must monitor ∼108 stars in
order to have a reasonable chance of detecting a planet (once factors that affect the de-
tection efficiency are taken into account). A typical microlensing event has a timescale
tE ∼ 20 d, so to detect and characterize such events requires approximately nightly
photometry. However, planetary signatures are of a much shorter duration (from a few
hours to a few days), so in order to fully characterize the complex lightcurve shapes,
photometry with a cadence1 of 5–30 min is necessary. These requirements dictate to
every aspect of microlensing observations: the source stars that are targeted, the fre-
quency of observations, and the telescopes and instrumentation that are used.
In order to maximize the numbers of source stars observed, microlensing surveys
target the areas of sky with the highest surface density of stars. Within the Galaxy these
are regions of low extinction towards the Galactic bulge and inner disc, while exter-
nally the Magellanic Clouds and the Andromeda Galaxy are common targets. Even in
the Galactic bulge where the density of identifiable stars reaches ∼800 arcmin−2 (e.g.,
Sumi 2004), surveys must monitor tens to hundreds of square degrees to observe
1Observing frequency.
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enough microlensing events. From the ground the stellar density in these fields is
at the confusion limit and often many stars are blended within the same point spread
function (PSF; see Section 2.1.3 for details of the effect of blending on lightcurves).
Accurate time-series photometry in these confusion limited fields requires the use of
difference image analysis (DIA, Tomaney and Crotts 1996; Alard and Lupton 1998;
Alard 2000; Woz´niak 2000; Bramich 2008) or PSF fitting (Stetson 1987; Schechter
et al. 1993), each of which works best when the PSF is well sampled, i.e., there are
many pixels within a seeing disc. This requires a pixel-scale ∼0.3 arcsec for the best
observing sites. Large CCD chips typically have a few million pixels and thus cover
∼100 arcmin2 of sky. Of the order of 300 pointings are then required to cover the
requisite survey area, which if 5 minutes per field is allowed for image exposure and
overheads, implies a cadence of roughly one image every few nights. The usable field
of view of the telescope may be significantly bigger than that of a CCD chip, and if
so the focal plane can be tiled with an array of CCDs to increase the cadence. For
example, the OGLE-III survey used an eight-chip mosaic CCD imager with 0.34 deg2
total field of view to allow a cadence of roughly one image per night (Udalski 2003).
As previously explained, nightly cadence is sufficient to detect microlensing events,
but not to detect and characterize the signatures of planetary microlensing. Tradition-
ally, follow-up observations have been necessary to achieve a cadence of the order of
minutes, with 24 hour coverage. These are carried out by a number of networks (cur-
rently PLANET2, MicroFUN3, RoboNet4 and MiNDSTEp5), employing many tele-
scopes with mirror sizes ranging from ∼ 2 m down to ∼ 30 cm, distributed over six
continents in order to provide round-the-clock coverage. They target a limited num-
ber of microlensing events that are alerted by the survey teams OGLE6 and MOA7,
and monitor them intensively for planetary signatures. Each employs different selec-
2http://planet.iap.fr/
3http://www.astronomy.ohio-state.edu/ microfun/
4http://robonet.lcogt.net/
5http://www.mindstep-science.org/
6http://ogle.astrouw.edu.pl/
7http://www.phys.canterbury.ac.nz/moa/
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tion and observing strategies in order to maximize the efficiency of their observing
resources. For example, MicroFUN, composed mainly of small telescopes operated
by amateur observers, targets rare, highly-magnified microlensing events, which have
a high sensitivity to planets (e.g., Gould et al. 2010), while PLANET uses larger tele-
scopes to monitor more microlensing events, each with a lower individual sensitivity to
planets (e.g., Gaudi et al. 2002). The RoboNet and MiNDSTEp teams use sophisticated
computer algorithms to schedule their follow-up observations without introducing hu-
man selection biases (Dominik et al. 2008; Tsapras et al. 2009).
The survey-follow-up paradigm is extremely resource intensive, and can severely
complicate the analysis of events, especially the statistical analysis of planet detections
and non-detections (see e.g., Gould et al. 2010; Dominik et al. 2010). In many ways it
is beneficial if the surveys can detect planets without the need for follow-up. This is
only effective if the surveys can achieve a cadence of several images per hour. To this
end, both OGLE and MOA have recently upgraded their instrumentation: OGLE-IV
with a 32 chip mosaic imager with 1.4-deg2 total field of view, which observes with a
cadence of roughly one image per hour on the densest fields (Udalski 2011), and MOA-
II with a 10 chip mosaic with a 2.2-deg2 field of view, which observes with a cadence of
∼10 min, again on a small number of dense fields (Sako et al. 2008). In the near future
they will be joined by KMTNet, a network of three microlensing survey telescopes,
each with a 4-deg2 field of view, to be sited in Chile, South Africa and Australia,
which combined will allow continuous high-cadence survey observations (Kim et al.
2010). Continuous, long-term monitoring will also be possible with AST3, a series of
telescopes sited at Dome A, Antarctica (Yuan et al. 2010).
The other option for continuous, high-cadence microlensing surveys is a space tele-
scope. Outside the Earth’s atmosphere, such a telescope has a much better resolution
than is possible from the ground and so can resolve much fainter stars. A wide-field
imager need not observe as many fields to monitor the same number of stars as a
ground-based survey and so it is possible to conduct a large-scale, high-cadence sur-
vey with only a limited number of fields. Moreover, by monitoring smaller, fainter
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source stars, a space-based microlensing survey is sensitive to lower-mass planets (see
Chapter 5). There are currently two promising proposals for such missions: ESA’s
Euclid (Beaulieu et al. 2010) and NASA’s WFIRST (Bennett 2011). In Chapter 5, we
simulate a microlensing survey by such a mission.
2.1.3 Complications
We have discussed the basics of microlensing theory and observation, but there are a
number of complications that arise when observing actual microlensing events, which
may need to be accounted for in their analysis. These complications are caused either
by the imperfections of observing systems or by the break-down of our assumptions
about the events. While complicating the analysis, it is often the case that these ad-
ditional effects provide extra, valuable information about the event, in some cases al-
lowing the microlensing degeneracy to be partially or fully broken. Some of the most
important effects are introduced below.
Blending
Both the optics of the telescope and the Earth’s atmosphere act to smear out the point-
like image of a star into a finite disc, the PSF, limiting our ability to resolve details
of objects near to each other on the sky. From the ground, the atmosphere is the
dominant factor for all but the smallest telescopes and even for the best sites the average
full width at half maximum (FWHM) of the PSF is ∼1 arcsec. From space, without
atmospheric distortion, resolution is limited by diffraction, optical imperfections or
instrumentation.
In the crowded star fields necessary for microlensing, it is often the case that more
than one star falls within the same seeing disc, so that multiple stars are seen as a single
object (known as the blend, Di Stefano and Esin 1995; Woz´niak and Paczyn´ski 1997;
Smith et al. 2007). Should one of the stars contributing to the blend be the source of a
microlensing event, the apparent magnification of the blend will be less than the actual
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magnification of the source. Blending may also make an event appear to have a shorter
timescale, as small magnifications in the wings of the event will be less apparent.
Similarly, small changes in magnification due to lens binarity may also be washed out,
possibly concealing the binary nature of the lens. If the stars that make up the blend
have a different colour to the source, then as the microlensing event proceeds the colour
of the blend will change (Kamionkowski 1995; Buchalter et al. 1996).
The problem of blending is eased significantly by using DIA (see Section 2.1.2),
which subtracts flux that is constant in time, leaving only flux that has varied between
images. But even with DIA, uncertainty remains as to what fraction of the subtracted,
constant, flux the unlensed source is responsible for. This leads to a degeneracy be-
tween the unlensed source flux, the impact parameter and event timescale when fitting
models to microlensing data. While generally a nuisance, blending can sometimes be
welcome. If it is the lens star that causes the blending, it may possible to infer the
lens mass and distance from its colour and magnitude once the source and lens have
separated (Alcock et al. 2001a; Kozłowski et al. 2007). This is especially useful in
planetary microlensing events because it allows the planet mass and projected separa-
tion to be expressed in physical rather than relative units (Bennett et al. 2007).
Finite sources
The theoretically infinite magnification of a point source, by either a single or binary
lens, is obviously unphysical. This divergence of the magnification is a result of our
approximation of geometrical optics, and it would be necessary to treat lensing with
wave optics in order to properly calculate the magnification of a true point source near
a caustic (e.g Ohanian 1983). However, well before the wave optics regime is reached,
our approximation of a point source breaks down: real microlensing sources are stars,
with finite angular extent. Although the angular radius of a star θ∗ is usually small
compared to the angular Einstein radius (θ∗/θE ∼ 10−3–4), near a caustic or the centre
of a single lens, the magnification can change drastically over a such a small scale.
This can lead to one part of the star being significantly more magnified than another
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and to calculate the apparent magnification of the source, it is necessary to integrate
the product of the point-source magnification and star’s intensity profile over the face
of the star (Gould 1994b; Witt and Mao 1994; Nemiroff and Wickramasinghe 1994).
While significantly increasing the computational complexity of microlensing cal-
culations, for both single8 and binary lenses,9 finite-source effects also allow the mea-
surement of several useful quantities. When finite-source effects are measurable in a
lightcurve it is possible to measure the time taken for the source to move by one source
radius, t∗. The ratio of the angular source radius to the angular Einstein radius is then
simply ρ∗ = t∗/tE. From the source star’s colour and magnitude, we can estimate its
angular radius θ∗, allowing the measurement of θE = θ∗/ρ∗ (Nemiroff and Wickramas-
inghe 1994). From Equation 1.15, this also implies a measurement of the magnitude
of the relative lens-source proper motion µrel10 (Gould 1994b; Nemiroff and Wickra-
masinghe 1994). Measurement of θE partially breaks the microlensing degeneracy, and
allows a mass-distance relation to be defined
M =
1
κ
x
1 − x
(
θE
mas
)2 ( Ds
kpc
)
, (2.7)
where κ = 8.144mas/M⊙ (see e.g., Gould 2000a), x is again the fractional lens distance,
and the source distance Ds is assumed to be known, at least approximately.
Parallax
In calculating the lightcurve previously, we have assumed that the source, lens and ob-
server each travel at a constant velocity. This may be a reasonable assumption for stars
8See, e.g., Gould (1994b), Witt and Mao (1994) and Lee et al. (2009)
9See, e.g., Schramm and Kayser (1987), Wambsganss et al. (1992), Dominik (1995), Bennett and
Rhie (1996), Gould and Gaucherel (1997), Dong et al. (2006), Dominik (2007), Pejcha and Heyrovsky´
(2009), Gould (2008), Bennett (2010), Bozza (2010)
10Not to be confused with the magnification µ. This proper motion is actually the instantaneous geo-
centric proper motion, rather than the more useful heliocentric or barycentric proper motion. Conversion
requires that the direction and not just the magnitude of the proper motion be known. This can be found
by measuring microlens parallax or directly detecting the lens once it has separated from the source.
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moving in the Galactic potential, but an observer on Earth is constantly accelerating
as the Earth orbits the Sun. It will be important to consider this acceleration if the
microlensing event has a duration which is a significant fraction of the Earth’s orbital
period and if the projection of the Einstein radius from the source to the observer plane
(the back-projected Einstein radius)
r˜E =
rE
1 − x , (2.8)
is of the order of 1 AU (Gould 1992). This may well be the case if the lens is close to
the observer. The effect, known as microlensing orbital parallax, causes a modulation
of the standard microlensing lightcurve as the source velocity appears to have an addi-
tional varying component due to the Earth’s motion. A related effect, often referred to
as space-based parallax occurs if two observers simultaneously observe a microlensing
event from two different locations, with separations of the order of r˜E; in this case each
observer sees a slightly different microlensing event due to their different viewing an-
gles (Refsdal 1966; Gould 1992, 1994a). In extreme cases, such as high-magnification
events and caustic crossings, a terrestrial parallax effect is observable due to the differ-
ing locations of observers on the Earth (Hardy and Walker 1995; Gould and Andronov
1999).
In each case, if such effects are present in the lightcurve, it is possible to measure
the microlensing parallax
~πE =
AU
r˜E
~eµrel , (2.9)
which is the inverse of the back projected Einstein radius (see e.g., Gould 2000a);
the microlensing parallax is a vector quantity, with direction parallel to the relative
lens-source proper motion vector (~eµrel is a unit vector in this direction). Combining
Equations 2.8 and 2.9 it is possible to construct a mass-distance relation (e.g., Alcock
et al. 1995)
M =
1
κ
(
AU
πE
)2 1 − x
x
(
Ds
kpc
)−1
. (2.10)
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Mass measurements
As we have seen, measurements of finite-source effects or parallax allow additional
constraints to be placed on the lens mass and distance. Should it be possible to measure
both effects in the same event, it is possible to completely solve the event for the lens
mass and distance. The constraints of Equations 2.7 and 2.10 can be combined and
solved for the mass and distance (e.g., Gould 2000a)
M =
θE
κπE
, (2.11)
πl = πEθE + πs, (2.12)
where πl = AU/Dl and πs = AU/Ds are the parallax of the lens and source, respec-
tively. Additionally, it is possible to measure θE by directly imaging the lens once it has
separated from the source after the microlensing event. From this the relative proper
motion of the lens and source µrel can be measured, and combined with Equation 1.15
to determine θE. This, however, requires that the lens is bright enough to be detectable.
Other complications
Additional lightcurve complications can arise if the source is a binary system. If both
components are luminous, and their separation is of the order of the angular Einstein
radius, then both stars will be microlensed by differing amounts, and the resulting
lightcurve will be the superposition of two separate microlensing lightcurves (Griest
and Hu 1992). A binary source will also undergo orbital motion, which can cause
effects similar to the parallax effects of the Earth’s orbit, whether the second component
is luminous or not, provided it is massive (Cherepashchuk et al. 1995; Han and Gould
1997; Paczyn´ski 1997; Rahvar and Dominik 2009). Such effects are called xallarap,
being the mirror of parallax effects in the source plane.
Should the lens be a binary, its components also undergo orbital motion. This
motion, as we shall discuss in Chapter 3, causes significantly more complicated effects
than orbital motion of the source or observer. Binary-lens lightcurves can also be
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complicated by the presence of additional lens components, such as distant perturbing
masses (Bozza 2000a), multiplanet systems (Gaudi et al. 1998; Han et al. 2001; Gaudi
et al. 2008), or extrasolar moons (Bennett and Rhie 2002; Han and Han 2002; Han
2008; Liebig and Wambsganss 2010).
2.2 Microlensing simulations
The aim of most microlensing observations is to learn, not about the physics of mi-
crolensing, but about the objects that are involved in the microlensing events. The
observed distribution of events results from a complex combination of the underlying
population of sources and lenses, together with the observing systems and strategies
used. It is therefore very difficult to predict the outcome or understand the results of
any microlensing experiment without simulating it. In this section we outline the vari-
ous ingredients that go into microlensing simulations and review some of the previous
work where microlensing simulations have played an important role.
2.2.1 Requirements of a microlensing simulation
While the goals of microlensing simulations may vary, we often want to know what
the results of a microlensing survey are likely to be. For example, if we are searching
for planets, we would like to know how many planets a survey will discover and how
their properties relate to the underlying population. To answer these questions to a
reasonable degree, our simulations must model the survey equipment and strategy,
as well as the distributions of lenses and sources. The relative importance of each
component may not be the same from simulation to simulation, but some choice of
each must be made. For example, if comparing the relative merits of two proposed
telescopes, it will be necessary to accurately model the telescopes and their observing
strategies, but the details of the source and lens populations may not be too important,
so long as they are roughly representative of those that will be observed. In this section
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we describe the different components of a microlensing simulation.
The Galactic distribution of sources and lenses
In a simulation, the Galactic distribution of sources and lenses (e.g., their distance,
kinematic, luminosity and mass distributions) will be governed by a Galactic model.
This need not be the same model for each component (lenses and sources) or even
each quantity (mass, distance etc.). These fundamental source and lens properties are
drawn from the Galactic model in order to determine the Einstein radius and timescale
of each event, which determine the relative rate at which simulated events occur
γ ∝ rEvt. (2.13)
If we are interested only in relative rates (as in Chapter 3) we need only select simulated
events with probabilities proportional to this relative rate. However, if we wish to
compute absolute event rates (as in Chapters 4 and 5) we must normalize to the overall
microlensing event rate Γ, computed either from our Galactic model or from empirical
estimates.
Source and lens parameters
The next elements of the simulation to consider are the properties of the sources and
lenses. Examples of these properties include the semimajor axis and mass ratio of
binary lenses. These properties are not fundamental, as for example, a simulation of
single-lens events will not need to worry about binary mass ratios. It will often be the
case that if these properties are included in the simulation they will have a uniform
or logarithmic distribution in order to be used as an independent variable. The line is
somewhat fuzzy between a parameter belonging to the Galactic model or to the source
or lens, especially for quantities such as the lens mass.
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Observing system and strategy
A model of the observing system and its observing strategy must be included. The
model should produce simulated observations which resemble the observations con-
ducted by real observatories with similar photometric uncertainties and time sampling.
This can either be achieved using a model (as we do in the following chapters) or by
using the actual data that has been produced by surveys and injecting simulated events
into this data (e.g., Alcock et al. 2000b; Afonso et al. 2003).
Detection criteria
The detection criteria are used to select a (hopefully clean) sample of events of interest
from the data of a survey. An ideal set of detection criteria will pass all the events of
interest, while rejecting both non detections and false positive events without rejecting
any false negatives. This is difficult to achieve in practise. The burden of proof is
significantly reduced for a simulation compared to an experiment because all the inputs
and the parent population are fully known. However, a simulation should try to recreate
the stringent detection criteria of an experiment as closely as possible, or risk being too
optimistic.
Common types of detection criteria include:
• a ∆χ2 cut – this is used to assess the relative likelihood models that do and
do not include a feature of interest, for example a planetary-lens model and a
single-lens model. The value of ∆χ2 indicates the significance of a detection
over a non-detection, with larger values indicating higher significance. For more
details see Appendix A, which discusses ∆χ2 thresholds in the context of the
work presented in Chapter 5.
• a reliability cut – if a data set contains outliers, then a ∆χ2 cut may pass events
that are caused by a single outlier data point. These false positives can usually
be rejected by requiring that several consecutive data points also show signs of
the signal of interest.
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The question of detection criteria is often turned on its head by asking the question:
with what efficiency does the experiment select events for the sample? The detection
efficiency of an experiment is the product of the experimental sensitivity and the detec-
tion criteria. By applying a chosen set of detection criteria to simulated events injected
into experimental data, the survey detection efficiency can be evaluated. It is then pos-
sible to estimate the underlying population of events by taking the observed sample of
events and dividing through by the detection efficiency.
Blending
Blending does not fit easily into any of the simulation components described so far.
Strictly it is a purely instrumental effect (it is caused by the telescope optics and the
atmosphere above it). However, it can be easily parametrized as a constant term added
to the lightcurve, suggesting that it could be included as a source parameter. In reality
though, it is strongly dependent on the stellar crowding (the domain of the Galactic
model). A proper treatment of blending requires the combination of the Galactic model
with the observing system model. We do this in each subsequent chapter, but only in
Chapter 5 do we treat blending in a manner that is consistent with our Galactic model.
2.2.2 Applications of microlensing simulations
Large numbers of microlensing simulations have been performed, predicting the re-
sults of surveys, investigating new phenomena, or supplementing the analysis of ex-
perimental results. Often, depending on the nature of the work, full simulations as
described above are not performed, but one or more simulation components are used.
Many surveys have used simulations to evaluate their detection efficiency: the frac-
tion of microlensing events that will be positively identified in the data. Only with
knowledge of the detection efficiency, is it possible to infer the properties of the parent
distribution from the observed distribution. To do this, the MACHO, EROS and OGLE
collaborations have conducted extensive simulations, injecting a large number of sim-
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ulated microlensing events into real data, either at the image level (e.g., Alcock et al.
2000b, 2001b; Sumi et al. 2003; Wyrzykowski et al. 2009, 2011) or at the photome-
try level (Afonso et al. 2003; Hamadache et al. 2006; Tisserand et al. 2007). These
semi-simulated data were then analyzed with the same processing pipelines that ana-
lyzed the real data. Knowing the events that were input, the detection efficiency of the
experiments can then be determined by comparing the number of events that survive
selection cuts to the number of input events. These simulations do not require a Galac-
tic model as the aim is to find the detection efficiency as a function of the parameter tE,
the only observable parameter that is determined by the Galactic model for single-lens
events (ignoring parallax etc.). A similar process can be carried out to calculate plan-
etary detection efficiencies (Gaudi and Sackett 2000; Gaudi et al. 2002; Gould et al.
2010).
Various simulations of planetary microlensing have been used to advocate mi-
crolensing planet searches. Early works (e.g., Mao and Paczyn´ski 1991; Gould and
Loeb 1992; Bolatto and Falco 1994; Bennett and Rhie 1996), did not carry out full sim-
ulations, but instead integrated over relatively simple Galactic models and parameter
distributions, using semi-analytic detection criteria11 and averaging over uninteresting
parameters. Full simulations that include models of observations and more realistic de-
tection criteria have followed (e.g., Peale 1997, 2001; Bennett and Rhie 2002, Gaudi et
al., unpublished), arguing the case for ground- and space-based planetary microlensing
surveys; the work presented in Chapter 5 follows in this tradition. It should be noted
that, while not being as realistic as the full simulations, semi-analytic integrations are
often more general, as full simulations strictly only apply to the observational set-up
that they model. In practice however, it may be more accurate to extrapolate the results
of a full simulation to a different set-up than it is to extrapolate semi-analytic results.
Simulations have also been used to investigate newly discovered or poorly under-
stood effects in microlensing. Examples include simulations of parallax effects (Buchal-
11For example, rather than simulating data to calculate the ∆χ2 of a detection, it is possible to estimate
the ∆χ2 contribution of data points that are taken at a constant rate over an event.
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ter and Kamionkowski 1997), high-magnification events (Griest and Safizadeh 1998;
Rattenbury et al. 2002), blending (Sumi et al. 2006; Smith et al. 2007) and extrasolar
moons (Han and Han 2002; Liebig and Wambsganss 2010). The work presented in
the following two chapters provide two more examples, with simulations being used to
explore the effects of orbital motion in Chapter 3 and to estimate the rate of occurrence
of an extreme form of orbital motion event in Chapter 4.
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3The detectability of orbital motion in
microlenses1
Kepler’s laws of orbital motion have proved invaluable throughout all areas of astron-
omy and astrophysics, enabling the measurement of celestial masses from astrometry
and the timing of orbiting bodies. Microlensing is no exception. Detection of lens
orbital motion in a binary microlensing event can be especially valuable, as it can en-
able the deprojection of the binary orbit. This potentially allows the semimajor axis,
inclination and eccentricity of the orbit to be constrained as opposed to just the instan-
taneous projected separation of the lens components that is usually measured (Bennett
et al. 2010). However, in many microlensing events it is very difficult to recover orbital
information about the lens. This is because the binary microlensing effect only depends
on projected quantities, but also because of a mismatch between microlensing and or-
bital timescales (Dominik 1998b), the former typically being a factor ∼100 shorter than
the latter. While the probability of detecting orbital motion is low, in a small number
of binary microlensing events the precise timing allowed by caustic-crossing features
has helped to overcome the mismatch in timescales (e.g., Albrow et al. 2000; An et al.
2002; Gaudi et al. 2008), allowing the effects of orbital motion to be detected in both
1The work presented in this chapter has been published as M. T. Penny, S. Mao, and E. Kerins,
MNRAS, 412:607-626, 2011.
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stellar-binary and planetary microlensing events.
Whilst past detections show that it is possible to detect lens orbital motion, it is
not known how frequently we can expect such detections. In this chapter we attempt
to quantify the detectability of orbital motion. We do this by simulating binary mi-
crolensing events with orbiting lenses, instead of static lenses as is usually assumed
in more general microlensing studies. We simulate the observations of a near future
survey and fit these observations with static binary-lens models to determine when a
detection can be claimed. To obtain the numbers necessary for a statistical sample, we
automated the fitting process. In order to be confident of our results from this proce-
dure, we repeated the process with a control sample of static binary lenses, taking care
to ensure that the fitting of the two samples was conducted in a fair way. While compu-
tational constraints prevent us from including finite-source effects in our lightcurves,
our results allow us for the first time to estimate the fraction of events with detectable
orbital motion. We also use the simulations to investigate the factors that affect the de-
tectability of orbital motion. By looking at some example detections, we show that to a
certain extent the orbital motion effects that are detectable fall into one of two classes:
separational or rotational, as suggested by Gaudi (2009). Separational-class events are
caused by the rapid deformation of a resonant caustic due to inclination or eccentricity,
and show large changes to the lightcurve over a short period of time. Rotational-class
events are caused by the slow rotation of the lens, and show subtle effects over the
whole lightcurve.
The structure of the chapter is as follows. In Section 3.1 we review some of the
previous work on orbital motion effects in microlensing and in Section 3.2, we outline
how orbital motion can affect microlensing lightcurves. Section 3.3 describes our sim-
ulations of microlensing events and Section 3.4 describes how we measure the effects
of orbital motion. In Section 3.5, we present the results of the simulations. We draw
conclusions and discuss the results in Section 3.6.
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3.1 Introduction
If the components of a binary microlens are gravitationally bound, they will orbit each
other and their projected orientation will change as a microlensing event progresses.
As the magnification pattern produced by a binary lens is not rotationally symmetric,
the change in orientation may be detectable in the lightcurve of the event. If the orbit
is inclined relative to the line of sight, then the projected separation of the lens com-
ponents will also evolve, causing changes in the structure of the magnification pattern,
which again may be detectable. In a small fraction of binary microlensing events we
can expect to see the effects of this orbital motion in their lightcurves. If orbital motion
can be detected in a microlens it can provide constraints on the mass of the lens, and
information about the binary orbit. While it is possible to measure the mass of a binary
lens by measuring a combination of other higher-order effects, as discussed in the pre-
vious chapter, the only way to deproject the binary orbit and measure the semimajor
axis is to measure the orbital motion.
To date, six binary microlensing events have shown strong evidence of orbital mo-
tion in the lens system. The first, MACHO-97-BLG-41, was a stellar-mass binary.
Modelling of the event was able to measure the change in the projected angle and
separation of the binary in the time between two caustic encounters, but was unable
to constrain the orbital parameters (Albrow et al. 2000). The second event, EROS-
BLG-2000-5, had very good lightcurve coverage, which allowed the measurement of
the rates of change of the binary’s projected separation and angle; these measurements
were then used to obtain a lower limit of the orbit’s semimajor axis and an upper
limit on the combined effect of inclination and eccentricity (An et al. 2002). The third
and fourth examples, OGLE-2003-BLG-267 and OGLE-2003-BLG-291, both seem
to show orbital motion effects (Jaroszynski et al. 2005). However, only OGLE survey
data was used in their analysis, without follow-up measurements, so the lightcurve cov-
erage was not ideal. Combined with parallax measurement, the masses of both binary
lenses were constrained, but no constraints could be placed on the orbits (Jaroszynski
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et al. 2005). In each of these four cases, the ratio of the component masses is large
(near unity), indicative of the lens systems being binary stars; however, orbital motion
has recently been measured in two events involving planetary-mass secondaries.
OGLE-2006-BLG-109 was an event involving a triple lens, with analogues of
Jupiter and Saturn orbiting an ∼0.5-M⊙ star (Gaudi et al. 2008). The lightcurve of
the event had extremely good coverage and showed multiple features, allowing the or-
bital motion of the Saturn analogue to be detected. The detection of orbital motion was
so strong that the semimajor axes of both planets could be tightly constrained (Gaudi
et al. 2008). A more complete analysis of the event, incorporating measurements of the
lens flux and orbital-stability constraints, carried out by Bennett et al. (2010), tightly
constrained four out of six Keplerian orbital parameters of the Saturn analogue, and
weakly constrained a fifth. The planet OGLE-2005-BLG-071Lb is an ∼4 Jupiter-mass
planet orbiting an ∼0.5-M⊙ star (Udalski et al. 2005). Measurements of the orbital
motion in this event have allowed some constraints to be placed on the planet’s or-
bit (Dong et al. 2009b). In all six events other higher-order effects have also been
detected, most notably microlens parallax and finite-source effects, which are detected
in all the events, and in each case allow the measurement of the lens mass.
Despite these detections, there has been relatively little theoretical work on orbital
motion in microlensing, likely due to the traditional assumption that the effects of
orbital motion on a binary-microlens lightcurve will be small and in most cases neg-
ligible (e.g., Mao and Paczyn´ski 1991; Gould and Loeb 1992). The problem was first
considered in detail by Dominik (1998b), who concluded that in most microlensing
events the effects of lens orbital motion were likely to be small, though in some cases,
lightcurves could be dramatically different. Dominik (1998b) points out that the ef-
fect is most likely to be seen in long-duration binary microlensing events with small
projected binary separations. Ioka, Nishi, and Kan-Ya (1999) also studied the problem
and noted that the effect of binary-lens rotation is likely to be important in self-lensing
events in the Magellanic clouds. Rattenbury et al. (2002) showed that orbital motion
could affect the planetary signatures seen in high-magnification events.
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The six microlensing events that display orbital motion make up a significant frac-
tion of the few tens of large-mass-ratio binary microlensing events2 that have been
modelled (e.g., Alcock et al. 2000a; Jaroszynski 2002; Jaroszynski et al. 2004, 2006;
Skowron et al. 2007), which begins to shed doubt on the previous conclusion that lens
orbital motion is likely to be unimportant in most binary events. The two planetary
events constitute approximately 15 percent of the entire published microlensing planet
population. These observations motivate us to revisit the question: how likely are we to
see lens orbital motion in a microlensing event? This question is made especially per-
tinent in the context of the next generation of ground- and space-based high-cadence
microlensing surveys, which will make the dense, largely-continuous lightcurve cover-
age of EROS-BLG-2000-5 and OGLE-2006-BLG-109 the norm rather than the excep-
tion. The aim of this chapter is to estimate the fraction of stellar-binary and planetary
microlensing events where orbital motion is detectable, and to investigate the factors
that affect the detectability. To do this, we simulate a large number of microlensing
events caused by orbiting binary lenses.
3.2 Orbital motion in a binary microlens
The lightcurve of a microlensing event can be considered as a one-dimensional probe
by the source of the two-dimensional magnification pattern produced by the lens (Wamb-
sganss 1997). The magnification pattern of a single lens is rotationally symmetric
about the position of the lens, but the magnification pattern of a binary lens is more
complicated, containing strong caustic structures that exhibit a reflectional symmetry
about the binary axis (the axis connecting the lens components; Schneider and Weiss
1986). However, far away from the caustics the magnification pattern can resemble
that of a single lens.
As the lens components orbit each other, their position angle and their projected
2We will refer to binary lenses with mass ratios q > 0.01 as stellar binaries, and those with q < 0.01
as planetary.
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separation can change. These changes cause changes in the orientation and structure
of the magnification pattern respectively. It is clear, however, that only if the source
traverses regions of the magnification pattern that differ significantly from that of a
single lens, will it be possible to detect these effects of orbital motion. For the effects
to be measurable, the lightcurve of the event must be affected in a significant way that
is not reproducible by a static binary-lens model. It is also possible to detect the effect
of orbital motion by showing that a static model is less physically plausible than an
orbiting model, but this will usually require further information about the event, such
as an independent constraint on the lens mass.
The effects of orbital motion on a lightcurve can also be mimicked by other higher-
order effects, especially parallax and xallarap. Parallax effects are caused by the motion
of the Earth about the Sun and cause the source to take an apparently curved path
through the magnification pattern (e.g., Smith, Mao, and Paczyn´ski 2003). In the case
of xallarap, the source travels along a curved path through the magnification pattern as
a result of binary orbital motion in the source system (Griest and Hu 1992; Paczyn´ski
1997; Dominik 1998b; Rahvar and Dominik 2009). These curved paths can look very
similar to those taken by the source in the rotating binary-lens centre-of-mass frame
and hence it can sometimes be difficult to identify the true cause of the effect.
3.3 Simulating a high-cadence microlensing survey
The aims of this study are:
• to determine the fraction of microlensing events that will be affected by orbital
motion, as will be observed by next-generation microlensing surveys, and
• to investigate the factors that affect the detectability of orbital motion, to aid the
targeting of such events without resorting to exhaustive modelling efforts.
To achieve the first goal, the various factors that go into the observation of a mi-
crolensing event should be simulated: accurate modelling of the observing setup, the
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distributions of planetary and stellar-binary lens systems, and the distribution of the
sources and lenses throughout the Galaxy. To achieve the second goal we must sim-
plify the parameter space we investigate, as far as possible without removing essential
elements from the model, so as to allow a clear interpretation of the results.
To balance these somewhat contradictory requirements we choose to accurately
simulate ideal photometry and use a semi-realistic model of the Galaxy, while inves-
tigating a logarithmic distribution of companion masses and separations. This allows
us to use our simulations to gain a good order of magnitude estimate of the results
expected from future surveys, whilst simultaneously investigating the factors that have
the largest impact on the detection of orbital motion over a relatively uniform parame-
ter space.
3.3.1 The Galactic model
To simulate the kinematic and distance distributions of the source and lens popula-
tions, we assume a simplistic bulge and disc model of the Galaxy. We assume all
sources are located in the bulge, at a fixed distance Ds = R0 = 8 kpc, in the direc-
tion of Baade’s Window, where R0 is the distance to the Galactic centre. The lens
distances are distributed according to the stellar density distribution of Model II of
Binney and Tremaine (2008), which consists of a thin and a thick exponential disc
and an oblate spheroidal bulge with a truncated power-law density distribution. The
kinematics of our Galactic model are based on that of Han and Gould (1995b) who
describe the kinematics of a stellar disc and a barred bulge. The distribution of trans-
verse lens-source relative velocities, dn/dvt, is dependent on the observer’s velocity,
and the velocity distributions of the lens and source populations. The observer is as-
sumed to follow the Galactic rotation at the position of the Sun and therefore has a
velocity (vO,ℓ, vO,b) = (225.2, 7.2) km s−1 in the direction of Galactic coordinates (ℓ, b),
once the Solar peculiar velocity is included. The source and lens are assumed to follow
the Galactic rotation with an additional random component. In the directions ℓ and b,
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their velocities have the form
vℓ = vrot + vrand,ℓ, vb = vrand,b, (3.1)
where vrot is the rotational component of the velocity, and vrand,ℓ and vrand,b are random
velocities in the directions ℓ and b, respectively. The rotation curve of the bulge is
assumed to be flat beyond a distance of 1 kpc from the Galactic centre, and that of a
solid body within 1 kpc. Therefore, the rotational velocity component, vrot, for bulge
stars is
vrot =

vmax
(
R
kpc
)
if R < 1 kpc
vmax if R ≥ 1 kpc,
(3.2)
where vmax = 100 km s−1 is the maximum rotational velocity of the bulge and R =√
X2 + Y2, where (X,Y,Z) is a Galactocentric coordinate system with the X-axis in-
creasing towards the observer and the Z-axis pointing out of the Galactic plane. For
the disc, vrot = 200 km s−1. The random velocity components are assumed to follow
Gaussian distributions, with dispersions taken from Han and Gould (1995a). These
dispersions are (σℓ, σb) = (30, 20) km s−1 for the disc and
(σX, σY , σZ) = (110, 82.5, 66.3) km s−1 for the bulge. From these quantities, the rel-
ative transverse velocity of the source vt (the quantity we are interested in) can be
calculated from the relative velocities in the ℓ and b directions, vℓ and vb, respectively,
as
vt =
√
v2
ℓ
+ v2b, (3.3)
where (e.g., Han and Gould 1995b)
vℓ,b = (vl − vo)ℓ,b + x(vo − vs)ℓ,b, (3.4)
and vo, vl and vs are the observer, lens and source velocities respectively, in the direc-
tions ℓ and b.
The final distribution of lens distances and velocities takes into account the depen-
dence of the event rate Γ ∝ vt
√
x(1 − x) on the distribution of each parameter. While
the kinematic and density distributions are produced from different Galactic models,
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Figure 3.1 – The Einstein timescale distribution for ∼50 000 simulated events. The solid line
and data points show the simulated data, and the dashed lines show lines of slope 3 and −3, the
expected asymptotic behaviour of the distribution.
they qualitatively reproduce the observed Einstein timescale distribution, shown in
Figure 3.1, including its asymptotic behaviour (Mao and Paczyn´ski 1996).
3.3.2 The microlensing events
Blending
When observing a microlensing event, it is often the case that the light of the source
being magnified is blended with that of nearby stars in the field (Di Stefano and Esin
1995). The amount of blending can be quantified by a blending fraction fs, which
we define to be the fraction of the total flux of the observed blend that the source
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contributes when unmagnified, such that the time dependent magnitude of the blend is
I(t) = Ib − 2.5 log[ fsA(t) + (1 − fs)], (3.5)
where Ib is the baseline magnitude of the observed blend when the source is unmagni-
fied and A(t) is the magnification caused by the lens.
The distribution of baseline magnitudes and blending fractions is drawn from sim-
ulations of blending effects by Smith et al. (2007) who perform photometry on mock
images of typical Galactic bulge fields with high stellar density. Specifically, we cal-
culate the blending fraction and baseline magnitude for each event from the input and
output magnitudes of source stars drawn from their simulation with 1.05-arcsec see-
ing and input stellar density of 133.1 stars arcmin−2 down to a mangitude of I = 17,
before any detection efficiency cuts are made to the catalogue. As the phenomenon of
negative blending (the source apparently contributing a fraction fs > 1 to the total flux
of the blend; Park et al. 2004; Smith et al. 2007) is poorly understood, we only include
sources with moderate negative blending, requiring that fs < 1.2.
The mock images are produced by Smith et al. (2007) using the method of Sumi
et al. (2006), drawing stars from the Hubble Space Telescope I-band luminosity func-
tion of Holtzman et al. (1998), adjusted to account for denser fields and brighter stars
using OGLE data. Extinction was accounted for using the extinction maps of Sumi
(2004) and the baseline magnitudes were measured using the standard OGLE pipeline
based on  (Schechter et al. 1993). Full details of the method are given by Smith
et al. (2007), and references therein.
Lenses and sources
The lens systems are composed of a primary of mass M1 and secondary of mass M2.
The primary’s mass is drawn from a broken power-law distribution,
dn
dM1
∝ M(α+0.5)1 ; α =

−1.3 M1 ≤ mbreak
−2.0 M1 > mbreak,
(3.6)
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matching that of Gould (2000b), though with a slightly lower break mass (mbreak =
0.5M⊙) and with lower and upper limits of 0.05M⊙ and 1.2M⊙, respectively. The addi-
tion of 0.5 to the power-law index is to account for the dependence of the microlensing
event rate on the mass of the lens. We do not include a population of stellar rem-
nant lenses, such as white dwarfs, neutron stars and black holes. The mass ratio q
of the secondary to the primary is drawn from a logarithmic distribution, with limits
10−2 ≤ q < 1 for stellar-binary lenses and 10−5 ≤ q < 10−2 for planetary lenses. Note
that for lower-mass primaries, the distribution of stellar-binary mass ratios includes
secondaries with masses as low as ∼5MJupiter, i.e., well into the planetary-mass regime.
The lower limit of the planetary mass ratio distribution implies a secondary of ∼1 Earth
mass for a 0.3-M⊙ primary.
The components of the lens orbit their combined centre of mass in Keplerian or-
bits, of semimajor axis a, distributed logarithmically (e.g., Abt 1983) over the range
a = 0.1–20 AU. These orbits are inclined to the line of sight, with inclination angles
distributed uniformly. For stellar binaries we performed two sets of simulations, one
with zero eccentricity e and another with bound, eccentric orbits with eccentricities
distributed uniformly over 0 ≤ e < 1.
The source trajectories were parametrized by the angle of the source trajectory rel-
ative to the binary axis α0, at the time of closest approach t0, and the impact parameter
u0, the projected source-lens separation in units of Einstein radii at t0. We set t0 = 0,
for simplicity, and α0 and u0 were distributed uniformly over the ranges 0 ≤ α0 < 2π
and −1.5 ≤ u0 < 1.5 respectively.
3.3.3 Simulation of photometry
In the hunt for planets, the proposed next generation of ground-based microlensing
surveys will consist of a (potentially homogeneous) network of telescopes located
throughout the southern hemisphere such that the target fields in the Galactic bulge
can be monitored continuously during the times when the bulge is observable. The
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telescopes will have diameters between 1.3–2.0 m and fields of view 1.4–4.0 deg2.
They will operate at a cadence of approximately 10 min and are expected to discover
several thousand microlensing events per year. An example is KMTNet, a network
of three identical 1.6-m telescopes due to enter operation in 2014 (Kim et al. 2010).
Such surveys can operate effectively without the need for intensive follow-up obser-
vations due to their high cadence and continuous coverage. However, it is likely that
the survey/follow-up observing paradigm will persist, with low-cadence surveys mon-
itoring far larger areas of sky. High-cadence surveys should begin operating near the
middle of the decade (∼2015), and will likely be followed by space-based microlens-
ing surveys. However space-based surveys will not begin before roughly the end of the
decade, and so this work concentrates on ground-based surveys.
Unfortunately, the effects of the weather amongst other things make completely
continuous, high-cadence observations unachievable in reality. Rather than including
complicated models of these effects, we instead choose a simpler prescription. Each
event is monitored with continuous photometry at a reduced cadence of 30 min. These
observations are performed by telescopes with 1.3-m effective diameter observing in
the I-band. For each exposure of 120 s the seeing is chosen from a lognormal distribu-
tion with mean 1.2 arcsec and standard deviation 0.25 arcsec, and a background flux
distributed as
F = 8500 LN(1.5, 0.4) photon arcsec−2, (3.7)
which is integrated over a seeing disc, and where LN(µ, σ) is a lognormal distribution
with mean µ and standard deviation σ. New values of seeing and background flux are
chosen for each observation. A lower limit on the photometric accuracy is imposed
by adding a Gaussian noise component, with dispersion 0.3 percent, to the photon
counts, which are calculated by assuming 10 photon m−2 s−1 reaches the observer from
a I = 22 source.
To ensure that all the features of a lightcurve are covered and that there is a good
balance between the baseline, peak and features of the lightcurve when fitting (see the
next section), the lightcurve is monitored continuously over the times −5tE ≤ t − t0 <
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Figure 3.2 – An example lightcurve from the simulations that required coverage to be extended
to cover a feature far from the lightcurve peak. The upper panel shows the lightcurve (I-band
magnitude) and the lower panel shows the Paczyn´ski residual (I-band residuals from the single-
lens fit). The red points show the simulated data points with error bars, and black, green and
blue lines are the best-fitting Paczyn´ski model, the best-fitting static-binary model and the true
orbital motion model (largely hidden below the green static model curve), respectively. Only
1 in 24 data points are shown for clarity. The lightcurve shown is for that of an event by a
stellar-binary lens with q = 0.22, s ≈ 8.6 and tE = 14.9 d. Usually, only data points that cover
the inner 5tE are used, apart from some data points used to constrain the baseline magnitude
(cf. the lightcurve for times t > 0 d); however additional data points are used to fully cover
the additional lightcurve feature down to the baseline (cf. the lightcurve for t < 0 d). Further
details for the event can be found in Tables 3.1 and 3.2.
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5tE, and over 10.5tE ≤ |t− t0| < 9.5tE to sample the baseline. To ensure that all features
are covered, if the magnification of the source rises above A ≥ Athresh = 1.0062, the
coverage is extended so as to be continuous within one Einstein timescale of the feature
and continuous between the feature and t = t0. Figure 3.2 shows an example of a
lightcurve where coverage had to be extended.
3.4 Measuring orbital motion
Ultimately, we are interested in finding the fraction of binary microlensing events that
show signs of orbital motion. This requires that we classify the events we simulate
into those binary events that do show orbital motion, those that do not, and events that
do not show binary signatures. This classification can be made, based on how well
single-lens and static-lens models fit the simulated data. We first fit each simulated
event with a single-lens model. Those events which are poorly fit by the single-lens
model, we then fit with a static binary-lens model.
To evaluate the effectiveness of each stage of the fitting process, we also simulate a
control sample. For the single-lens model fitting, the control is a sample of simulated
single-lens events, and similarly for the static-lens model fitting the control is a sample
of simulated static binary-lens events. Using these controls we can evaluate what frac-
tion of events that are poorly fit are due to orbital motion and what fraction are due to a
failure of the fitting routines. We can then correct our results for these false positives.
We simulate ∼100 000 lightcurves, of which nearly 3000 are detected as binary
lenses. Such a large number of events requires that we develop a fully automated-
fitting pipeline that requires no human supervision. The pipeline for single-lens models
is relatively straight forward, due to the simple nature of the single-lens lightcurve. The
problem at hand is complicated significantly by the requirement that we treat a control
sample of static lenses in the same way as we do the orbiting lenses. Were we not to
do this, the two methods that we present below could be significantly simplified.
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3.4.1 Fitting with the single-lens model
The single-lens model has five parameters: the time of closest approach tP0 , the event
timescale tPE, the impact parameter uP0 , the baseline magnitude IPb and the blending frac-
tion f Ps . We perform a χ2 minimization using the  routine from  (James
and Roos 1975), with all parameters free; all parameters are unconstrained, except for
f Ps , which is constrained to be within 0.0 < f Ps < 1.2. For each event, we perform
seven single-lens fits, with different initial blending fractions, f Ps = 0.05, 0.2, 0.4, 0.6,
0.8, 1.0 and 1.2. For each fit, the initial guesses for each parameter are:
• tP0 = 0,
• the timescale is the true timescale,
• the baseline magnitude is taken to be the magnitude of the first data point on the
lightcurve, and
• the impact parameter is chosen such that, at t = tP0 , the magnitude of the event is
that of the brightest data point.
This prescription works well for events which are well modelled by a single-lens
model, but not so well for events with strong binary features or events which are heav-
ily blended and barely rise above the baseline. We expect events with strong binary
features to be poorly modelled, but we do not want to include the heavily blended
events in our sample of binary-lens events. We therefore eliminate heavily blended
events before performing the fitting, so that only the events that the single-lens model
fails to fit are ones that show genuine signs of lens binarity. This cut is described in the
next section.
3.4.2 Fitting with the binary-lens model
To fit the binary-lens lightcurves, we found it necessary to split the events into caustic-
crossing events and non-caustic-crossing events and to fit each category using a dif-
ferent parametrization. The non-caustic-crossing events are fitted with a standard
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parametrization, with a reference frame centred on the primary lens.3 The parame-
ters are:
• the time of closest approach to the lens primary tS0 ,
• the event timescale tSE,
• the impact parameter between the lens primary and the source uS0 ,
• the angle of the source trajectory to the binary axis αS0 ,
• the logarithm of the projected binary separation log sS,
• the logarithm of the normalized secondary mass log mS2 ,
• the baseline magnitude ISb , and
• the blending fraction f Ss .
For brevity we introduce the vector notation
~pS =
(
tS0 , t
S
E, u
S
0 , α
S
0 , log sS, log mS2 , ISb , f Ss
)
, (3.8)
to represent the parameter set of the standard binary parametrization.
Because of the number of lightcurves necessary to obtain a good statistical sample,
a full search of the entire binary-lens parameter space is not computationally feasible,
we perform just one minimization per lightcurve. We must therefore pay special atten-
tion to the choice of initial guesses we use, first so as to maximize the chance of finding
a good minimum, and second so as to treat the fitting of the static-binary events com-
parably to the orbiting-binary events. The static-binary simulations are drawn from the
same distributions as the orbiting-binary simulations, the only difference being that the
lens is frozen in the state it would be in at t = t0.
3This frame was chosen because it can be difficult to fit wide binary lenses using the centre-of-mass
frame.
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As we have simulated the microlensing events, we already have a perfect knowl-
edge of the lensing systems and we can use this knowledge to obtain a good set of
initial guesses. We note that at a given time, the state of an orbiting-binary lens can be
described by a static-binary model. We can therefore describe our lens at time t using
the time dependent parameter set
~p(t) = (t0, tE, u0, α0(t), s(t), q, Ib, fs) , (3.9)
where we have used the centre-of-mass reference frame. Note that only two of the
parameters are time-dependent and so we can use the true values of the constant pa-
rameters as initial guesses, having applied the appropriate coordinate transformations.4
However, we are still left with the problem of choosing the guesses of αS0 and sS. We
could choose α0(t0) and s(t0), but this would bias the fitting success probability unfairly
towards static-binary events, i.e., the initial guess would be the actual model used to
simulate the data, guaranteeing a good fit.
Instead, we choose to use s(tf) and α0(tf), where tf is the time of a feature in the
lightcurve. We define a feature simply as any maximum in the lightcurve, or a max-
imum or minimum in the Paczyn´ski residual (the residual of the true lightcurve with
respect to the best-fitting single-lens model) with |I − IPac| > 0.1, where I is the I-
band magnitude of the true model, and IPac the I-band magnitude of the best-fitting
Paczyn´ski model. As there is in general more than one feature, we choose the feature
that gives the best χ2(~p(tf)). If the initial guesses for fits to static-binary lightcurves
are chosen in the same way (as if the binary were orbiting) then the initial guesses for
static lenses should be worse than for orbiting lenses. This is because, at the time of
the chosen feature the true orbiting-lens magnification will exactly match the magni-
fication of the initial guess static model. In reality, for tf ≈ t0 there will likely be a
bias in favour of static lenses and for tf 0 t0 there will be a bias in favour orbiting
lenses, but we do not believe this will affect results significantly. To fit the events, we
4In the reference frame of ~pS, t0 and u0 would also be time dependent as the origin (the primary
mass) is not fixed.
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again use the  minimizer, allowing all parameters to vary. All parameters are
unconstrained, except for f Ss , which is constrained to the range 0 < f Ss < 1.2.
The binary-lens fitting procedure can be summarized as follows:
1. find the lightcurve features (peaks in the lightcurve and peaks and troughs in the
residuals)
2. find the static model with the best χ2 from the orbiting model frozen at the time
of the feature
3. perform a  minimization starting at this point.
3.4.3 Fitting caustic-crossing events
While the method just described is suitable for events which showed smooth binary
features, it is not always suitable for those events which exhibit caustic crossings. For
these events, in addition to fitting with the standard parametrization, we also used the
alternative parametrization of Cassan (2008). This replaces the parameters specifying
the source trajectory (tS0 , tSE, uS0 , αS0), with parameters that better reflect the sharp caustic-
crossing features of the lightcurve (tCen, tCex, lCen, lCex) the times of a caustic entry and exit
and the positions of the entry and exit on the caustic, respectively; lCen and lCex, are
defined to be the chord length along the caustic, normalized such that 0 ≤ lCen < 2 and
0 ≤ lCex < 2. Full details of the parametrization can be found in Cassan (2008). The
parameter set we use for caustic-crossing events is therefore
~pC =
(
tCen, t
C
ex, lCen, lCex, log sC, log qC, ICb , f Cs
)
, (3.10)
where the parameter log mS2 has been replaced by log qC as a matter of preference; the
two parameters are related by mS2 = qC/(1 + qC).
The accurate calculation of the lCen and lCex parameters is quite computationally ex-
pensive, compared to the calculation of a lightcurve, and needs to be repeated each
time s or q changes. Also, despite the improved parametrization, the χ2 surface is still
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Figure 3.3 – Example lightcurve and caustic map of an event where a non-adjacent caustic
entry–exit pair was chosen for fitting with the Cassan (2008) parametrization. The lightcurve
is shown in the left-hand panel, where red points show the simulated data, the blue line is the
true model and the green line is the static-binary model. The right-hand panel shows a map of
the caustic of the static-binary model, plotted in red, and the source trajectory, plotted in black.
The numbers indicate the order of the caustic crossings. The static model has been adjusted by
hand to better show the two fixed and two free caustic crossings. Further details for the event
can be found in Tables 3.1 and 3.2.
very complicated, especially in the lCen–lCex plane, containing many local minima. For
these reasons we pursue a multi-stage minimization process:
1. We begin by conducting a grid search over the entire lCen–lCex plane, with 128×128
points spaced evenly in lCen and lCex, and with all other parameters, including the
caustic-crossing times, fixed at their true values, except for log sC. We fix log sC
at a random value chosen from the range ∆ log sC = 1.5[log s(tex) − log s(ten)] or
∆ log sC = 0.015, whichever is greater, centred on the midpoint of log s between
the caustic crossings, where s(ten) and s(tex) are the projected separations at the
caustic entry and exit times, respectively. The range of ∆ log sC is truncated, if
necessary, to ensure that it only covers the caustic topologies at the time of the
crossings. For the static lenses, log sC is chosen from a uniform distribution with
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the same range as if the lens were orbiting.
2. The grid search is then refined by performing a second 128 × 128 grid search
over a box of side length 1/32 about the grid point with the lowest χ2.
3. Five more pairs of low- and high-resolution grid searches (2 × 128 × 128 grid
points for each pair) are performed with different random values of log sC. In
cases where there are multiple caustic crossings, different pairs of caustic cross-
ings are used to define (tCen, tCex, lCen, lCex) for each grid search. Figure 3.3 shows an
example lightcurve where the first caustic exit defines (tCen, lCen) and the second
caustic entry defines (tCex, lCex).
4. The next stage of the fitting simply polishes the model from the best-fitting grid
point by performing a  minimization starting from this point over just the
parameters lCen and lCex, with all other parameters fixed.
5. In the final stage of the fitting, all parameters except for tCen and tCex are allowed to
vary in a further  minimization. Again, all parameters are unconstrained,
except for f Cs , which is constrained to the range 0 < f Cs < 1.2.
We found that at all stages of the minimization for caustic-crossing events, the
minimization performed better when the first and last data points inside the caustic
crossing were not considered in the fit. This is because, with the high-cadence obser-
vations that we simulate, the point source is typically very close to the inside of the fold
caustic, and hence is magnified by many orders of magnitude. This leads to unrealistic
photometry in two ways: firstly, in a real detector, saturation would become a problem,
and secondly, a real, finite, source would not be magnified in such an extreme way.
3.4.4 Classification of events
With the modelling procedures in place, we now describe the classification of the
events. The aim is to determine the orbital motion detection efficiency: the fraction
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of binary-lens events that show orbital motion signatures. To do this we not only need
to define how orbital motion events are classified, but also how binary events are clas-
sified, too. Events are classified by applying a series of cuts to the full sample of
simulated events. Examples of events that narrowly miss each cut will be shown in
Figure 3.4.
The classification is performed by a series of cuts based on the χ2 results of the
fitting described in the last section. The first cut, the variability cut, removes events
that do not show significant variability. This is done without fitting by comparing the
χ2 values of the simulated data relative to the true model, χ2OM, and relative to a constant
lightcurve with no variability at the true baseline magnitude, χ2b. We exclude events
that do not satisfy
∆χ2b
nobs
≡ χ
2
b − χ2OM
nobs
> 0.3, (3.11)
where nobs is the number of observations.
The second cut is used to classify events into single-lens-like events and binary-lens
events;5 i.e., events that do not and do exhibit binary-lens features in their lightcurves,
respectively. Using the results of the single-lens modelling, χ2Pac, the χ2 of the simu-
lated data with respect to the single-lens model, we define events that satisfy
∆χ2Pac ≡ χ2Pac − χ2OM > 200, (3.12)
to be binary events, and those that do not to be single events. This corresponds to a
detection of a deviation from the single lens at a level of ∼14σ. Binary events can then
be further split into caustic-crossing events and smooth events. We define a caustic-
crossing event as one where at least one data point is measured when the source is
inside a caustic.6
The final cut is based on the result of lightcurve fitting with binary models. Events
that satisfy
∆χ2S ≡ χ2S − χ2OM > 200, (3.13)
5For brevity, single-lens events from here on.
6The removal of data points in the fitting process does not affect the classification.
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are classified as events that exhibit orbital motion (orbital motion events) and those that
do not are classified as static events, where χ2S is taken to be the χ2 of the best-fitting
static-binary model. For smooth events, this is the χ2 of the best-fitting standard binary
model; for caustic-crossing events it is the χ2 of the better fitting of the Cassan (2008)
caustic-crossing model or the standard binary model. In the case of the caustic-crossing
events, the data points removed from the lightcurve do not contribute to χ2OM.
With these classifications in place, we can now define the binary detection effi-
ciency and the orbital motion detection efficiency. The binary detection efficiency is
the fraction of detectable microlensing events that show binary signatures
ǫBS ≡
NBS
Nml
, (3.14)
where Nml is the number of events satisfying ∆χ2b/nobs > 0.3 and NBS is the number of
events satisfying ∆χ2Pac > 200. The orbital motion detection efficiency is the fraction
of binary events that show orbital motion signatures
ǫOM ≡
NOM
NBS
, (3.15)
where NOM is the number of events satisfying ∆χ2S > 200.
To be confident of our results, we must quantify the effectiveness of the modelling
prescriptions we use. We can do this by measuring the rate of false positives in our
samples. To measure these rates, we simulate both single-lens events and static-binary
events, drawn from the same distributions as the orbiting-lens events. These events
then go through the same fitting procedure as the orbiting-lens events and are subject
to the same cuts. The binary-lens false-positive rate ǫsingleBS is therefore the fraction
of detectable single-lens microlensing events that survive the ∆χ2Pac > 200 cut and the
orbital motion false-positive rate ǫstaticOM is the fraction of static-binary events that survive
the ∆χ2S > 200 cut. Figure 3.4 shows some lightcurves from the simulations, which
were slightly below the threshold for each cut.
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Figure 3.4 – Example lightcurves of three events that narrowly failed one of the classification
cuts (continued on the following page). The lightcurve above failed the ∆χ
2
b
nobs
≡ χ
2
b−χ2OM
nobs
> 0.3 cut,
while the top and bottom lightcurves in the continued figure failed the ∆χ2Pac ≡ χ2Pac − χ2OM >
200 and ∆χ2S ≡ χ2S − χ2OM > 200 cuts, respectively. The latter two lightcurves show only the
central portion of the lightcurve without the data used to constrain the baseline. The upper
panel of each subplot shows the lightcurve, and the lower panel the residual with respect to the
appropriate model for the cut, that is, the constant baseline model, the best-fitting Paczyn´ski
model and the best-fitting static-binary model in the top, middle and lower subplots, respec-
tively. Colour coding is the same as in Figure 3.2 and the cyan line in the top subplot shows the
constant baseline ‘model’. Further details for the events can be found in Tables 3.1 and 3.2.
3.5 Results
3.5.1 What fraction of events show orbital motion?
We begin by presenting and analyzing the results of the simulations as a whole, cal-
culating the fraction of microlensing events in which we expect to see orbital motion
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Figure 3.4 – Continued
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Table 3.1 – Summary of the results for planetary lenses.
Orbit static circular
Single 48511 49226
Binary 1364 1366
Caustic 410 449
Caustic static 397 414
Caustic orbital motion 7 35
Smooth 954 917
Smooth static 931 883
Smooth orbital motion 23 34
Table 3.2 – Summary of the results for stellar-binary lenses.
Orbit static circular eccentric
Single 4151 4046 4153
Binary 1413 1424 1385
Caustic 641 635 613
Caustic static 608 538 550
Caustic orbital motion 25 86 61
Smooth 772 789 772
Smooth static 764 743 729
Smooth orbital motion 8 46 43
events. Tables 3.1 and 3.2 summarize the results of the cuts described in the previous
section, for planetary and stellar-binary events, respectively. It should be noted that
in a small number of caustic-crossing events, the fitting procedure failed; these events
have been excluded from the analysis of the orbital motion detection efficiency, but not
from the analysis of the binary detection efficiency. These events are included in the
Binary and Caustic rows of Tables 3.1 and 3.2, but not in the others.
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Table 3.3 – Binary and orbital motion detection efficiencies.
Orbit circular eccentric
q < 0.01 ǫBS 0.0772 ± 0.0014 –
q < 0.01 Caustic ǫOM 0.061 ± 0.010 –
q < 0.01 Smooth ǫOM 0.0130 ± 0.0055 –
q < 0.01 All ǫOM 0.029 ± 0.005 –
q ≥ 0.01 ǫBS 0.260 ± 0.004 0.251 ± 0.004
q ≥ 0.01 Caustic ǫOM 0.098 ± 0.011 0.060 ± 0.010
q ≥ 0.01 Smooth ǫOM 0.048 ± 0.006 0.045 ± 0.006
q ≥ 0.01 All ǫOM 0.070 ± 0.006 0.052 ± 0.006
Table 3.3 shows the binary detection efficiency and orbital motion detection effi-
ciency for both planetary and stellar-binary lenses. It should be noted that the binary
detection efficiency will be larger than for microlensing events with finite sources, as
the effect of the finite source will be to smooth out sharper lightcurve features, and usu-
ally reduce the amplitude of deviations from the single-lens model. This means that
ǫBS for planetary lenses is likely a significant overestimate; however, for stellar-binary
lenses the result is likely to be more realistic, as stellar-binary lightcurve features tend
to be stronger and have longer durations. The detection efficiencies presented have
been corrected for systematic false positives from each fitting stage by subtracting the
measured false-positive rates ǫsingleBS and ǫstaticOM from the detection efficiencies measured
for orbiting lenses. From a simulation of 104 single lenses with no false positives, we
measured ǫsingleBS = 0+4.7×10
−5
−0 , where the error quoted is a statistical 1-σ confidence limit,
calculated using Wilson’s score method (Wilson 1927; Newcombe 1998b). To calcu-
late the errors on the corrected detection efficiencies shown in Table 3.3, and on those
we present in the next section, we use Wilson’s score method adapted for the difference
of two proportions (Newcombe 1998a, method 10). For planetary events, we measured
false-positive rates of ǫstaticOM = 0.0241+0.0036−0.0032 for smooth events and ǫstaticOM = 0.0173+0.0050−0.0039
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for caustic-crossing events. For stellar-binary events we measured ǫstaticOM = 0.0104+0.0028−0.0022
for smooth events and ǫstaticOM = 0.0395+0.0056−0.0050 for caustic-crossing events. The overall
orbital motion detection efficiencies were calculated as a weighted average of the de-
tection efficiencies for smooth and caustic-crossing events, once corrected for false
positives.
While in many cases we may not be able to say whether or not a lightcurve in
our simulations definitively shows orbital motion signatures (due to the relatively high
rates of false-positive detections), there is a clearly detected excess of detections in the
circular- and eccentric-orbit simulations relative to the static ones. The significance of
this excess is above 3-σ (Poisson noise) for both binary and planetary caustic-crossing
events and smooth binary events. However, detection of the excess is only marginal in
smooth planetary events.
Interestingly, there appears to be a discrepancy in the orbital motion detection effi-
ciencies for stellar-binary caustic-crossing events, between the circular- and eccentric-
orbit simulations: ǫOM = 0.098 ± 0.011 for circular orbits and ǫOM = 0.060 ± 0.010
for eccentic orbits. However, the same static-orbit simulation results were used to cal-
culate the corrected orbital motion efficiencies for both circular and eccentric orbits,
which means that the measurements are not independent. Also, the eccentricity of the
orbits allows the projected separation to take a wider range of values than the circular
orbits, which means the false-positive rate measured with the same distribution for cir-
cular orbits is likely an overestimate for eccentric orbits; for caustic-crossing events,
the majority of false positives are caused by events with resonant caustic topology (see
Figure 3.17 later in this section). We therefore believe the discrepancy to be caused
largely due to a combination of a relatively large statistical fluctuation in the num-
ber of eccentric-orbit events that do show orbital motion, and an overestimate of the
false-positive rate for eccentric orbits.
MATTHEW T. PENNY 81
3: ORBITAL MOTION IN MICROLENSES
3.5.2 What affects the detectability of orbital motion?
We now investigate the effects that various system parameters have on the detectability
of orbital motion. We look at the dependence of the orbital motion detectability on
both the standard microlensing parameters and the physical orbital parameters, and
compare them where appropriate. We conducted two sets of simulations, one with
circular orbits and one with eccentric orbits. Both data sets are in good agreement, so
we only present the results for events with circular orbits.
The impact parameter
We begin by looking at the dependence on the impact parameter u0, the sole param-
eter that determines the maximum magnification of a single-lens microlensing event
Amax = (u20 + 2)/(u0
√
u20 + 4). For all binary lenses, except wide stellar binaries, the
central caustic is located near to the centre of mass and so u0 determines whether or
not the source will encounter this caustic. Figure 3.5 plots the orbital motion detection
efficiency and the number of orbital motion detections against |u0|. The results are pre-
sented separately for caustic-crossing and smooth events, respectively. The orbital mo-
tion detection efficiency results have been corrected for false positives by subtracting
the false positive rate in each bin. The number of detections are displayed uncorrected,
together with the number of detections in the static-orbit simulations. Note that the or-
bital motion detection efficiency we plot can be negative due to statistical fluctuations;
when it is, the measurement should be considered to be consistent with zero.
The plots of orbital motion detection efficiency (from here on, detection efficiency)
against |u0| for caustic-crossing events show much the same trends for both plane-
tary and stellar-binary lenses. There is a significant detection efficiency for high-
magnification (low-|u0|) events only, with no caustic-crossing planetary detections for
|u0| & 0.6 and only a few for stellar binaries. This is due to the location of central
and resonant caustics close to the center of mass, which can only be crossed in events
with small |u0|. Consequently, for the events with larger |u0|, the source can only cross
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Figure 3.5 – Plot of the orbital motion detection efficiency, corrected for systematic false pos-
itives (top panels), and the absolute number of orbital motion detections in the simulations
(lower panels), against the impact parameter |u0|. Results are shown for lenses with planetary
mass ratios (left-hand panels) and stellar-binary mass ratios (right-hand panels). Red lines with
filled squares show the results for caustic-crossing events and blue lines with filled circles show
the results for smooth events. In the upper panels a line marks zero orbital motion detection
efficiency. All events had circular orbits, and in the lower panels results are shown for events
where the lens components were in orbit (solid lines, filled points) and where they were held
static for the calculation of the false-positive rate (dashed lines, open points). Events have
been binned into bins of equal width, and points plotted at the centre of the bin. Note that in
the lower panels the scales are different and that a factor of ∼9 more planetary events were
simulated than stellar-binary events.
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weaker secondary caustics. In wide binaries these secondary caustics will typically
move slowly, and in close binaries the secondary caustics are typically very small and
are rarely crossed. The secondary caustics of close stellar binaries are significantly
larger and stronger than those of planetary lenses, and so are more likely to be crossed
by the source. Being larger, the caustic also has a longer time in which to change due
to orbital motion as the source crosses it. Both factors lead to the small but significant
detection efficiency for |u0| & 0.6 in stellar caustic-crossing events.
For smooth events, the planetary and stellar-binary lenses show weak but oppos-
ing trends, with the efficiency increasing slightly as |u0| increases for planetary events
and decreasing slightly as |u0| increases for stellar-binary events. This indicates that
the impact parameter only plays a small role in orbital motion detectability for smooth
lightcurves. Note, however, that for both smooth and caustic-crossing events, the num-
ber of orbital motion detections, as opposed to the detection efficiency, is a strong
function of |u0|, peaking at small values due to the dependence of the binary detection
efficiency on the impact parameter.
The event timescale
Figure 3.6 plots the detection efficiency against the event timescale tE. All classes of
binary event (planetary or stellar-binary, smooth or caustic-crossing) show a strong de-
tection efficiency dependence on the event timescale. The reason for this dependence
is simply because a longer timescale allows the lens to complete a larger fraction of
its orbit. This means there can be a larger change in the magnification pattern during
the course of any binary-lens features. In the case of planetary lenses, it seems that
a timescale of greater than ∼10 d is necessary for caustic-crossing events to show de-
tectable orbital motion, and slightly longer for smooth events. Caustic-crossing events
show larger detection efficiency than smooth events, even at shorter timescales. This
is likely due to the high accuracy with which caustic-crossing times and the lightcurve
shape around caustic crossings can be measured. In the case of OGLE-2006-BLG-109,
this has allowed the orbital motion of the lens to be measured from data covering just
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Figure 3.6 – As Figure 3.5, but plotted against the event timescale tE.
∼0.2 percent of the orbit (Gaudi et al. 2008; Bennett et al. 2010). Smooth events in
contrast, require a much larger fraction of the orbit to cause significantly detectable
changes in the lightcurve and hence require a longer timescale to achieve the same de-
tection efficiency. However, typically it is possible for smooth features to cover a much
larger fraction of the lightcurve than caustic-crossing features, lessening the effect of
this discrepancy.
For stellar-binary lenses, orbital motion features can be can be detected effec-
tively over almost the entire range of timescales that we simulated, though with a
low efficiency for timescales below ∼40 d for smooth events and ∼10 d for caustic-
crossing events. For events with timescales over ∼100 d, the detection efficiency
reaches ∼20 percent for smooth events and ∼40 percent for caustic-crossing events.
The detection efficiencies are similar for planetary events. The majority of planetary
and stellar-binary events showing orbital motion have timescales of around ∼10–40 d,
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with few events at larger tE due to the steep t−3E distribution at large timescales (Mao
and Paczyn´ski 1996). However, the strong dependence of ǫOM on timescale means
that the slope of the high-tE tail of the distribution of orbital motion events is much
shallower than t−3E .
The projected separation and semimajor axis
The plots of detection efficiency against projected separation s0 and semimajor axis a
(shown in Figure 3.7) tell largely the same story. The detection efficiency in stellar
binaries has a significant inverse dependence on both s0 and a, as would be expected
from the dependence of the orbital velocity on the semimajor axis. However, the be-
haviour for planetary lenses is less intuitive: for caustic-crossing events, there is a
significant peak in the detection efficiency at a ∼ 4 AU, and a peak/shoulder at s0 ∼ 2.
There is a second peak in ǫOM with s0. The two peaks occur at values of s0 where the
boundaries between caustic topologies occur for the highest mass ratio planets. It is
at these boundaries that the caustics deform most rapidly, for small changes in pro-
jected separation d(log s). The peak in ǫOM against a at a ∼ 4 AU for caustic-crossing
planetary events is accompanied by a hint of a peak at small values of a. The peak at
a ∼ 4 AU can be explained by considering the typical scale of the Einstein ring and
by considering the trend of ǫOM with the event timescale. The typical size of the Ein-
stein ring for a microlensing event is 2–3 AU, but as seen in Figure 3.6, orbital motion
effects typically occur in events with larger timescales. As the timescale is correlated
with the Einstein ring size and caustic-crossing events typically occur in systems with
s0 ∼ 1, the peak orbital motion detection efficiency occurs at a semimajor axis slightly
above the typical Einstein ring size, at a ∼ 4 AU. The increase in orbital velocity as a
decreases likely causes the second weaker peak in ǫOM at smaller a. Little can be said
about the trend of ǫOM with a for smooth planetary events, due to the small number of
events and the distribution of Einstein radius sizes, the latter serving to smear out any
obvious trends. However, when plotted against s0, ǫOM does increase towards smaller
values of s0 as would be expected from orbital-velocity considerations.
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Figure 3.7 – As Figure 3.5, but plotted against s0, the lens separation at time t0, above, and the
semimajor axis a, below.
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Returning to the caustic-crossing stellar-binary events, ǫOM flattens off as a in-
creases to ∼4 AU, before dropping to zero. This flattening likely has the same cause as
the peak for planetary caustic-crossing events. We see the more intuitive inverse trend
in stellar binaries because of the stronger and larger magnification pattern features that
they exhibit, and the larger range of s over which the caustics have a significant size.
This results in a distribution of events over a and s0 that is broader and somewhat less
peaked than for planetary events (see the lower panels of the plots in Figure 3.7). This
allows the inverse relationship between orbital velocity and semimajor axis to have a
greater influence on the trend in the orbital motion detection efficiency. We note that
the reason we see such a complicated relationship between ǫOM and a and s0, but not
for example between ǫOM and tE, is that the factors that affect the timescale (lens mass,
source velocity) all act monotonically to affect the detection efficiency, whereas the
caustic size and strength is a strongly peaked function of s0 and a.
The mass ratio
Figure 3.8 plots the detection efficiency against the mass ratio q. Treating both plane-
tary and stellar-binary lenses together, there is a trend of increasing detection efficiency
with increasing q, for both smooth and caustic-crossing events. However, for caustic-
crossing events, this increase is very shallow, with a factor of . 3 increase over three
decades in q, from log q ≈ −3 to log q = 0. For smooth events, there is a stronger
trend, with the detection efficiency being effectively zero for log q . −3.5, while ris-
ing from ∼1 percent to ∼10 percent over the range −3.5 . log q < 0. These shallow
dependencies are somewhat unexpected in relation to the stronger q0.5 dependence of
the binary detection efficiency, which derives directly from the dependence of caus-
tic size on q (Han 2006). However, the orbital detection efficiency effectively divides
through by this dependence (unlike the curves of the number of orbital motion detec-
tions, which show a strong dependence on q), to leave a very shallow orbital motion
detection efficiency curve. The other effect that q has on the lightcurve features is to
make them stronger as q increases. In caustic-crossing events, the caustic features are
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Figure 3.8 – As Figure 3.5, but plotted against the mass ratio q.
usually strong, independent of the value of q, and hence the caustic-crossing events
curve is shallower than the curve for smooth events, for which the dependence of the
feature strength on q is much more important.
The lens mass and distance
Figure 3.9 shows the detection efficiency plotted against the primary-lens mass. The
dependence is as expected for both mass ratio regimes and for both types of binary
event, increasing as the mass of the primary increases. The trend is strongest in smooth,
stellar-binary events.
Figure 3.10 plots the detection efficiency against the lens distance. In all cases, a
trend of increasing detection efficiency with decreasing lens distance is seen, though
caustic-crossing events suffer from small number statistics at low values of Dl/Ds.
Note however, that the number of orbital motion detections peaks at Dl/Ds ∼ 0.7 due
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Figure 3.9 – As Figure 3.5, but plotted against the primary lens mass M1.
to the Galactic distribution of lenses.
The orbital period
Figure 3.11 shows the detection efficiency plotted against the orbital period. Both types
of stellar-binary event show a significant inverse trend. At large periods, planetary
caustic-crossing events show a peak and stellar caustic-crossing events a flattening.
These features correspond directly to similar features in the curves of ǫOM with a and
will have the same cause: a strong dependence of the caustics on the projection of the
semimajor axis.
The baseline magnitude and blending
Figures 3.12 and 3.13 plot the detection efficiency against the baseline magnitude Ib
and blending fraction fs, respectively. For our purposes, the primary effect of both pa-
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Figure 3.10 – As Figure 3.5, but plotted against the lens distance Dl.
rameters is to affect the accuracy with which microlensing variations can be measured
in the lightcurve. For a fixed observing setup, the baseline magnitude determines the
photometric accuracy, which should lead to a trend of increasing detection efficiency
with decreasing magnitude. This is seen to a certain extent in all cases, but events with
brighter baselines may suffer significantly from blending if it is not the event source
that is bright, but a blend.
Blending determines the relative strength of features in the lightcurve and as such
has a much more significant effect on the detection of smooth binary features, which
have a continuous range of shapes and sizes. This is compared to the effect on caus-
tic crossings, which are typically sharp and very strong. Noting that we define the
blending fraction to be the fraction of baseline flux contributed by the source, it is no
surprise that smooth stellar-binary events show a significant increase in orbital motion
detection efficiency with blending fraction. This is less obvious in planetary lenses,
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Figure 3.11 – As Figure 3.5, but plotted against the orbital period T .
likely because the smooth lightcurve features of planetary lenses are often very weak
and difficult to detect even without the hindrance of the blending, and would not per-
mit the measurement of higher-order effects for any value of blending fraction. It is
more surprising perhaps, that caustic-crossing events show a significant dependence
on blending. In the simulations, all caustic-crossing events had detectable binary fea-
tures, regardless of blending. The observed trend then implies that, at least in some
orbital motion detections in caustic-crossing events, the additional smooth features in
the lightcurve (such as peaks and shoulders due to cusp approaches outside the caustic
and features due to fold caustic approaches within the caustic) play an important role
in the detection of orbital motion. Some of these smoother features in caustic-crossing
lightcurves can be seen in lightcurves (a) and (e) shown in Figure 3.19.
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Figure 3.12 – As Figure 3.5, but plotted against the baseline magnitude Ib.
The orbital inclination
Figure 3.14 plots the detection efficiency against inclination. There is little evidence
for any significant dependence on inclination, either for caustic-crossing events or for
smooth planetary events. There is however, a stronger trend for smooth stellar-binary
events, the detection efficiency decreasing as the inclination increases. This would
be expected in systems where a/rE . sc, near the boundary between close and reso-
nant caustic topologies, where a reduction in the projected separation due to inclina-
tion would reduce the size of the caustics and reduce the detectability of both binary
features and orbital motion signatures. Unfortunately, due to the similar effects of
inclination and eccentricity on the projected orbit, the data from the eccentric-orbit
simulations did not show any dependence of ǫOM with eccentricity. This however im-
plies that the effects of eccentricity on the orbital motion detection efficiency are not
likely to be significantly stronger than those of inclination.
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Figure 3.13 – As Figure 3.5, but plotted against the fraction of baseline flux associated with the
source fs.
Timescale and velocity ratios
It is important not just to consider the system parameters in isolation, but also their
combined effects on the orbital motion detection efficiency. For example, Dominik
(1998b) introduced two dimensionless ratios to describe the magnitude of orbital mo-
tion effects on a binary lens:
RT =
tE
T
, (3.16)
the ratio of timescales, and
Rv =
vcirc
vt
, (3.17)
the ratio of velocities, where vcirc = a/2πT is the circular velocity of the orbit. These
ratios attempt to encapsulate the most important factors that determine if an event
will show orbital motion features. Figures 3.15 and 3.16 plot the detection efficiency
against RT and Rv, respectively. Both ratios prove to be good descriptors of the orbital
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Figure 3.14 – As Figure 3.5, but plotted against the orbital inclination i.
motion detection efficiency, with ǫOM showing strong increasing trends as RT and Rv
increase. This trend occurs across all mass ratios and lightcurve types, though with a
lower significance in planetary events. It would even seem that in the case of smooth
events, there exists a threshold value of the ratios, below which the orbital motion
detection efficiency is negligible. For the ratio of timescales, the threshold is log RT ≈
−2 for both planetary and stellar-binary lenses, while for the ratio of velocities the
value appears to be more dependent on the mass ratio, taking values of log Rv ≈ −2.5
for planetary lenses and log Rv ≈ −2.75 for stellar-binary lenses. There may be similar
thresholds for caustic-crossing events at smaller values of RT and Rv, but this is not
clear due to the small number of simulated events with very low RT and Rv.
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Figure 3.15 – As Figure 3.5, but plotted against the ratio of microlensing to orbital timescales
RT = tE/T .
3.5.3 Are there two classes of orbital motion event?
Gaudi (2009) has suggested that orbital motion can affect the lightcurves of microlens-
ing events in two ways. In the first scenario, the orbital motion effects are dominated
by rotation in the lens, as the orientation of the binary axis changes during the time
between two widely-separated lightcurve features. The second type of effect is due
to changes in the projected separation over the course of a single lightcurve feature,
such as a resonant caustic crossing. In this section we will describe the typical features
of each type of event before investigating to what extent orbital motion events can be
classified in such a way.
Gaudi (2009) describes the separational class of event as typically occurring in
archetypal binary microlenses with resonant caustic crossings. If the binary’s orbit is
inclined, the projected separation of the lenses changes, causing a stretching or com-
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Figure 3.16 – As Figure 3.5, but plotted against the ratio of orbital and source velocities Rv =
vcirc/vt.
pression of the resonant caustic. If the projected separation is close to a boundary
between caustic topologies, s ∼ sc or s ∼ sw, the changes in the caustic structure can
be very rapid. If the microlensing event occurs while these changes are happening, and
the source crosses or passes close to the caustics, there is a very good chance of detect-
ing the orbital motion. As a whole though, the changes in caustic structure during the
caustic-crossing timescale will be fairly small, e.g., the difference in caustic-crossing
time between the static lens and the orbiting lens may be of the order of minutes to
hours (cf. the orbital period of several years). It is only the extremely high accuracy
with which caustic crossings can be measured and timed that facilitates the high orbital
motion detection probability. These changes to the caustic shape will often be more
significant than the changes in orientation of the caustic due to rotation, and so we
class them as separational orbital motion effects.
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Gaudi (2009) described the rotational class of event as occurring when a source
encounters two disjoint caustics of a typically close-topology lens. In the time be-
tween the two caustic encounters, which are separated by a time ∆t ∼ tE, the lens
components have time to rotate and show detectable signatures of orbital motion. We
extend the class by considering the important effect to be the long baseline over which
binary-lensing features can be detected. If binary-lens features are detectable across a
significant fraction of the lightcurve, then a significant amount of rotation can occur
in the lens while the features are detectable. Such large-scale features occur in both
stellar-binary and planetary magnification patterns. They include regions of excess
magnification that stretch between the central and secondary caustics in stellar-binary
lenses and regions of relative demagnification in planetary lenses. If lenses with such
features rotate rapidly, then the source may encounter them in such a way that a static-
lens interpretation of the lightcurve features is not possible, and lens rotation must be
invoked.
Is there evidence of two classes in the distribution of orbital motion events?
We begin by looking for evidence of two classes of event in the locations of the orbital
motion events in the s0-q plane. Figure 3.17 plots q against s0 for all events with
detected binary signatures. It is immediately clear that caustic-crossing and smooth
orbital motion events reside in different regions of the s0-q plane, with virtually all
events within the intermediate topology regime being caustic crossing. Almost all
smooth orbital motion events are located in the close-topology region. This broadly
reflects the underlying pattern for all binary events and is not in itself evidence of two
classes of orbital motion events, but is instead a result of different caustic sizes in the
different caustic topologies.
Another feature of the plot is the clustering of caustic-crossing orbital motion
events near the boundary of the close and intermediate topologies. It is close to the
topology boundaries that the changes in projected separation cause the largest changes
in the caustics. It is, however, difficult to attribute this clustering to faster caustic mo-
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Figure 3.17 – Scatter plot of q against s0 for microlensing events with detectable binary signa-
tures. Caustic-crossing events are plotted with red squares, and smooth events with blue circles.
Events classified as orbital motion events are plotted with larger, darker, filled points and those
classified as static with smaller, lighter, open points. The black lines show the positions of the
caustic topology boundaries.
tions due to separational changes, as orbital velocity is inversely correlated with s0, and
so there should be more orbital motion events at smaller values of s0 in any case. In
support of the existence of a separational class, there is a hint of clustering against the
resonant-wide boundary. However, the caustic size peaks at both topology boundaries,
as the single resonant caustic stretches before splitting apart into central and secondary
caustics, possibly meaning that simply the increased size of the caustics causes the
increased density of detections.
Figure 3.18 plots the impact parameter against s0 and is very useful in separating
different kinds of binary event, especially for planetary lenses. The events follow a dis-
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Figure 3.18 – As Figure 3.17, but showing |u0| plotted against s0.
tinctive pattern, with a large clump of events centred at |u0| ∼ 0 and log s0 ∼ 0, which
consists of high-magnification events that encounter the central or resonant caustic.
At very small |u0|, this clump extends over a significant range in s0, but narrows as
|u0| increases to its narrowest point at |u0| ∼ 0.3 (or at larger |u0| for stellar binaries),
corresponding to the maximum size of the region affected by resonant caustics. As
|u0| increases, the plot shows a distinctive ‘V’ shape, with no binary signatures being
detected for events with s0 ∼ 0. This ‘V’ shape arises as in events with larger |u0|, the
source passes through regions of the magnification pattern that can only contain sec-
ondary caustics, and does not enter the regions containing central or resonant caustics.
In other words, the binary features in lenses with s0 ∼ 1 only occur in regions of the
magnification pattern that the sources with large |u0| do not probe.
The events which occur on the branch with large |u0| and large s0 are caused by
wide-topology lenses, and therefore involve only a single secondary-caustic encounter.
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Table 3.4 – Microlensing parameters for the example lightcurves.
Figure Orbit† u0 α0/◦ s0 q tE/d Ib fs
3.2 C 0.48 307 8.64 0.22 14.9 17.9 1.04
3.3 S -0.091 186 0.95 0.054 14.7 19.2 0.59
3.4tl‡ C 1.43 315 5.23 0.030 7.5 18.8 0.41
3.4tr‡ C -0.16 155 0.61 0.14 12.6 19.3 0.082
3.4bl‡ C 0.37 255 2.92 0.21 6.9 14.5 0.93
3.19a C -0.011 255 1.06 0.0016 26.2 17.1 0.19
3.19b C -0.024 285 1.31 0.0076 132.2 18.7 0.067
3.19c C -0.071 81 1.04 0.0015 12.2 19.6 0.71
3.19d C 0.22 265 0.87 0.00045 65.7 18.0 0.38
3.19e C 0.16 169 0.94 0.0038 26.3 17.3 0.15
3.19f E -0.20 16 0.55 0.49 14.8 17.3 0.073
3.20a C 0.15 52 0.57 0.33 54.6 18.6 0.67
3.20b C 0.033 69 0.45 0.56 88.3 18.2 0.72
3.20c C -0.56 353 0.18 0.30 49.3 16.0 1.04
3.20d C -0.076 245 2.38 0.0059 9.0 20.0 1.04
3.20e E -0.33 163 0.34 0.29 82.4 15.3 0.96
3.20f E 0.21 77 0.79 0.29 24.3 18.7 0.20
†C–circular orbit, S–static orbit, E–eccentric orbit
‡tl–top left, tr–top right, bl–bottom left
The rotation of these lenses is typically very slow, and over the short duration of the
binary features (typically of the order of a day), the lens completes only a very small
fraction of its orbit. This points towards separational changes being the dominant
effect in the detection of orbital motion features in events on this branch, even with the
enhancement of rotational velocity due to the longer solid body ‘lever arm’.
The events that occur on the branch with large |u0| and small s0 are largely smooth
events, with the occasional caustic-crossing event. The smooth events are likely caused
by the source crossing the large cusp extensions that occur in close-binary lenses, sug-
gesting that they will belong to the rotational class of events.
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Figure 3.19 – Example lightcurves of simulated events affected by separational-type orbital
motion effects. In each subfigure, the left-hand panels show the lightcurve, its residual with
respect to the best-fitting Paczyn´ski model and its residual with respect to the best-fitting static-
binary model, from top to bottom, respectively. Simulated data are shown in red, the Paczyn´ski
model is shown in black, the static-binary model is shown in green and the true model is shown
in blue. The right-hand panel shows the caustics at various times and the source trajectory in
the frame of reference rotating with the projected binary axis. The source trajectory is plotted
in black, and the caustics are colour coded according to the time. Coloured points on the
lightcurve panel show the time at which the caustic was in the state shown and the coloured
points on the source trajectory show the position of the source at this time. The parameters of
the microlensing events can be found in Tables 3.1 and 3.2.
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Figure 3.19 – Continued
Evidence for two classes of orbital motion event by example
Unfortunately, it is difficult to attribute the cause of any one grouping of orbital motion
events in Figures 3.17 and 3.18 to either the rotational or the separational class, partly
because both types of motion will affect each event to some extent. Despite this, it is
possible to classify many individual events as either a separational or rotational event.
Figures 3.19 and 3.20 show example lightcurves of both classes of orbital motion event,
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Figure 3.19 – Continued
separational and rotational, respectively. The plots show the lightcurves and residuals
in the left-hand panels, together with a map of the source trajectory and caustic motions
in the right-hand panels. The source trajectory and caustics are shown in the frame of
reference that rotates with the binary axis, with its origin at the centre of mass. In this
frame, rotation of the lens causes the source trajectory to appear curved, while changes
in lens separation cause the caustics to change shape and move. Note that in event (f)
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Figure 3.20 – As Figure 3.19, but showing example lightcurves of simulated events affected by
rotational-type orbital motion effects.
in Figure 3.19, and events (e) and (f) in Figure 3.20, the lens orbits are eccentric, so
that the source does not travel along the shown trajectory at a constant rate.
Figure 3.19 shows examples of separational events. In each example the source
trajectory appears relatively straight, indicating that the lens rotates little; however,
in each case the caustics move significantly. Events (a), (b), (c) and (e) all involve
resonant-caustic crossings and conform well to the picture described by Gaudi (2009).
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Figure 3.20 – Continued
Event (d) could be described as the encounter of two disjoint caustics, similar to the
original description of the rotational class of events by Gaudi (2009), but other than
the close topology, the event is remarkably similar to event (e); the source trajectory
is slightly curved, but it is clear that separational effects are dominant. At first glance,
event (f) would clearly fit into the picture of disjoint caustic encounters, but the source
trajectory reveals that rotation plays only a minor role. In this event, a static fit to just
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Figure 3.20 – Continued
the features about t = t0 would suggest a close encounter with a large secondary caustic
at t ≈ 1.5tE, but instead changes in the binary’s separation cause the source to not just
encounter, but cross a now much smaller secondary caustic at t ≈ 2tE.
In contrast to Figure 3.19, the source trajectories in Figure 3.20 show significant
curvature. Event (a) fits the description of rotational events by Gaudi (2009), exactly.
The source first encounters a secondary caustic, but the rotation of the lens causes the
MATTHEW T. PENNY 107
3: ORBITAL MOTION IN MICROLENSES
Table 3.5 – Physical parameters for the example lightcurves.
Figure Orbit M1/M⊙ M2 a/AU T/d e i/◦† vt/km s−1 Dl/kpc
3.2 C 0.084 0.018 M⊙ 10.7 39799 0 214 134.8 5.75
3.3 S 0.70 0.038 M⊙ 1.88 1090 0 300 215.7 7.40
3.4tl‡ C 0.058 0.0018 M⊙ 4.46 14047 0 173 196.3 6.04
3.4tr‡ C 0.13 0.017 M⊙ 1.22 1298 0 311 183.8 5.95
3.4bl‡ C 0.10 0.021 M⊙ 3.52 6852 0 112 282.8 6.43
3.19a C 0.55 0.89 MJupiter 5.82 6924 0 93 167.3 6.12
3.19b C 0.75 6.0 MJupiter 4.32 3767 0 115 39.8 6.01
3.19c C 0.27 0.43 MJupiter 0.51 256 0 243 63.2 7.91
3.19d C 0.89 0.42 MJupiter 3.83 2899 0 136 88.8 2.13
3.19e C 1.17 4.7 MJupiter 3.42 2130 0 56 173.5 7.19
3.19f E 0.21 0.10 M⊙ 0.61 306 0.92 102,216 183.0 6.90
3.20a C 0.56 0.18 M⊙ 1.88 1098 0 16 101.2 2.44
3.20b C 0.38 0.21 M⊙ 1.69 1044 0 40 57.4 2.69
3.20c C 0.68 0.20 M⊙ 0.65 205 0 30 115.8 5.97
3.20d C 0.65 4.0 MJupiter 2.70 2005 0 2 218.3 7.75
3.20e E 0.59 0.17 M⊙ 1.35 656 0.77 303,213 68.2 5.56
3.20f E 0.39 0.11 M⊙ 2.14 1609 0.18 2,143 187.0 5.64
†For events with eccentric orbits, two values of inclination are quoted, representing inclinations about
two orthogonal axes on the sky. The effect of this second inclination is absorbed into the source trajec-
tory for circular orbits.
‡tl–top left, tr–top right, bl–bottom left
source to pass the opposite side of the central caustic. Rotation also prevents the source
from crossing the magnification excess between the central caustic and the other sec-
ondary caustic. During the entire event, separational changes cause only slight changes
in the caustics. In event (c), the rotation is more extreme, but the caustics smaller.
The binary features are therefore more subtle, being caused by small magnification
excesses between the caustics, the secondary caustics being located at ∼(−3,±4) and
the central caustic at ∼(0, 0). The rotation of the lens causes the source to cross each
excess more than once, and there are several minor deviations visible in the residual
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between the static and true model of the event. Event (d), while being caused by a
wide lens, which is expected to rotate slowly, is clearly caused by rotation. During
the event, there are virtually no separational changes, but the precision with which the
secondary caustic-crossing and cusp approach features constrain the source trajectory
mean that the very slight rotation, which brings the source closer to the central caus-
tic, is detectable. Events (b) and (e) both show strong signs of rotation in their source
trajectories, but separational changes are also important. While we assign them to the
rotational class of events, in reality, they may better fit into a third, hybrid class. Event
(f) also shows signs of both rotational and separational orbital motion effects, but we
assign it to the rotational class, because without rotation the second caustic crossing
would be significantly shorter.
We have been able to classify the example events shown in Figures 3.19 and 3.20,
demonstrating that the dichotomy suggested by Gaudi (2009) is indeed real. The clas-
sification does not so much reflect a physical difference between the two types of event
(though we might generally expect separational events to have larger semimajor axis
than rotational events), but more a difference in the circumstances of observation (e.g.,
different orbital inclinations). As is often the case with classifications defined qualita-
tively, some events are difficult to firmly classify, as they show aspects of both types
of orbital motion. These events can be classified into a third, hybrid class of orbital
motion events, or perhaps it is more appropriate to say that they belong to both classes.
3.6 Summary and discussion
We have simulated the lightcurves of ∼100 000 microlensing events caused by stars
orbited by a companion star or planet. By fitting simulated data with single-lens and
static-binary models we have determined the fraction of these events where the binarity
of the lens is detected and we have also estimated the fraction of these events where
orbital motion is detected. For an observational set up that resembles a near-future
microlensing survey conducted by a global network of telescopes without intensive
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follow-up observations, we found that orbital motion was detected in ∼5–10 percent
of simulated stellar-binary microlensing events, depending on the characteristics of
the event. Similarly, the rate of detection of orbital motion in simulated microlensing
events where a planet is detected was ∼1–6 percent.
We investigated the effects of various event parameters on the fraction of events
showing orbital motion. orbital motion detection efficiency as a fraction of binary de-
tections was found to depend only weakly on the mass ratio of the binary, but strongly
on the event timescale. We found that a significant number of microlensing events
showing orbital motion can be classified into one of two classes: those where the dom-
inant cause of orbital motion effects is either the separational motion of the binary due
to either inclination or eccentricity, or those where it is the rotational motion of the
binary.
Before closing the Chapter, we will now discuss some of the implications of the
work presented. We examine some of the limitations of the work, before comparing
our simulation results with observations. Finally we look to what can be expected in
the future.
3.6.1 Limitations of the study
The questions that we wanted to answer in this work were: what fraction of microlens-
ing events observed by the next-generation microlensing surveys will be affected by
orbital motion and what type of events are the effects likely to be seen in? While we
do not claim to have fully answered these questions, we do feel that this work repre-
sents an important step in that direction. The simulation of the photometry is slightly
optimistic, and does not include the effects of weather and the systematic differences
in the site conditions and observing systems distributed across the Globe that would
make up the network of telescopes needed for a continuous monitoring microlensing
survey. The observing setup we simulated is in some respects more like a space-based
microlensing telescope than a ground-based network. However, the photometric accu-
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racy that we simulated is not too optimistic, and the differences between the static and
orbiting simulations show that orbital motion plays a significant role in a significant
fraction of microlensing events.
As discussed in Section 3.3, our choice of models will not fully answer the question
of how many microlensing events with orbital motion effects will be seen; however,
they do provide a good order of magnitude estimate. The binary detection efficiencies
we find assume that all stars have a companion, and so must be adjusted accordingly
to account for this. For example, current estimates suggest that only ∼33 percent of
stellar systems are binaries (e.g., Lada 2006), so assuming that a next generation mi-
crolensing survey detects ∼2000 events per year, we can expect to see ∼30 stellar-
binary microlensing events showing orbital motion signatures per year. However, the
true rate may be higher as the mass ratio distribution that we use for stellar binaries is
not realistic; the real distribution is likely to be peaked in the range 0.1 ≤ q ≤ 1 (e.g.,
Duquennoy and Mayor 1991; Raghavan et al. 2010). A similar calculation for plan-
etary lenses, assuming the fraction of stars hosting planets is ∼0.5, yields a detection
rate of ∼1.5 caustic-crossing orbital motion events per year. Again, this estimate is
affected significantly by our assumptions. Our mass ratio distribution is optimistic (for
the detection of orbital motion), as current microlensing results suggest an inverse re-
lation between planet frequency and mass ratio in the regions microlensing is sensitive
to (Sumi et al. 2010). This implies our estimates will be optimistic, but we have also
assumed there is only one planet per system. Many multiplanet systems have been
discovered to date (e.g., Gaudi et al. 2008; Fischer et al. 2008) and they are thought to
be common. The microlensing planet detection efficiency in multiplanet systems is in-
creased, as the planets are spread over a range of semimajor axes. This will somewhat
compensate for the overestimate due to the incorrect mass ratio distribution.
The major limitation of this work is that finite-source effects are not considered.
The finite size of the source acts to smooth out the extreme magnification peaks as a
source crosses a caustic, limiting the precision with which magnifications can be mea-
sured and caustic crossings timed, and thus plays an important role in orbital motion
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detection. However, in most cases, the caustic-entry times can still be timed accurately
if the caustic crossing is monitored with high enough cadence. In some cases, the ef-
fect may increase the detectability of orbital motion as the source will probe more of
the magnification pattern, especially when a source travels approximately parallel to
and very close to the inside of a fold caustic, producing additional peaks between the
caustic crossings. We cannot quantitatively estimate the effects that finite source size
has on the orbital motion detection efficiency, but we do not believe it will significantly
affect our order of magnitude estimates. Unfortunately, including finite source sizes in
the modelling of a microlensing event increases the required computation time by sev-
eral orders of magnitude, so the effect could not easily be included in the simulations
without significantly reducing the sample size.
3.6.2 Comparison with observations
While our simulations are more representative of future microlensing surveys, it is pos-
sible for us to compare the results of our simulations with the results of the current mi-
crolensing observations. Current microlensing planet searches using the survey/follow-
up strategy routinely achieve a cadence similar to, or better than, that expected for fu-
ture high-cadence surveys for a small number of microlensing events per year (e.g.,
Dong et al. 2009a). We can therefore compare the detection efficiency of orbital mo-
tion in the events where planets are detected. At the time of writing, there were ten
published detections of planets by microlensing (Bond et al. 2004; Udalski et al. 2005;
Beaulieu et al. 2006; Gould et al. 2006; Gaudi et al. 2008; Bennett et al. 2008; Dong
et al. 2009a; Sumi et al. 2010; Janczak et al. 2010), and of these, seven had high-
cadence coverage of a significant proportion of the lightcurve. In two of these events
the orbital motion of the planet was detected (Gaudi et al. 2008; Dong et al. 2009b),7
leading us to estimate an orbital motion detection efficiency of ∼0.29+0.13−0.10 percent.
7While the orbital motion of the Jupiter analogue was not detected in the OGLE-2006-BLG-109
system, the planet itself would still have been detected in the absence of the Saturn analogue, so it
contributes to the denominator of the detection efficiency, but not to the numerator.
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This efficiency is larger than we find in our simulations. However, the orbital mo-
tion effects in the OGLE-2005-BLG-71 event are very subtle, and improve the fit by
∆χ2S ≪ 200 (Udalski et al. 2005; Dong et al. 2009b),8 meaning that it would not be
classed as a detection in our simulations; this reduces the comparable detection effi-
ciency estimate to 0.14+0.11−0.07. Our estimate of 0.06± 0.01 for planetary caustic-crossing
events is roughly consistent with this rate. It should be noted that this figure could
be biased as events showing orbital motion signatures will take significantly longer to
analyse. Unfortunately a similar estimate for stellar-binary lenses is not so simple as
they are usually not followed-up to the same degree that planetary events are, either in
terms of observations or modelling.
We have identified two different classes of orbital motion event so it is natural to
try to classify the orbital motion events that have already been seen. The orbital mo-
tion detected in OGLE-2006-BLG-109 (Gaudi et al. 2008; Bennett et al. 2010) was
detected due to deformation of a resonant caustic, so the event can easily be assigned
to the class with separational changes. OGLE-2005-BLG-71 (Udalski et al. 2005;
Dong et al. 2009b) is harder to classify, as the orbital motion effects observed were
very subtle. The event suffers from the well known close-wide degeneracy (Griest
and Safizadeh 1998; Dominik 1999), and rather strangely, for the close (s < 1) solu-
tion, separational changes are more prominent than rotational, and vice versa for the
wide (s > 1) solution, where we might normally expect the opposite. We therefore
do not assign the event to either class. Of the stellar-binary lenses, MACHO-97-BLG-
41 (Albrow et al. 2000) was mainly influenced by rotation, and was detected by two
disjoint caustic crossings, so is classed as a rotational event. EROS-2000-BLG-5 (An
et al. 2002) undoubtedly belongs to the separational class; the caustic structure was
resonant with s close to sw, and changes in separation were measured with high signif-
8The overall reduction in χ2 between the two analyses was much less than 200 when the size of the
data sets and differing degrees of freedom were accounted for. The full analysis by Dong et al. (2009b)
included higher-order effects not included in the original Udalski et al. (2005) analysis, some of which
had a much larger effect than orbital motion.
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icance, while rotational changes were consistent with zero. The final events, OGLE-
2003-BLG-267 and OGLE-2003-BLG-291 (Jaroszynski et al. 2005) are not very well
constrained, so we do not attempt to classify them.
We finally suggest that the event OGLE-2002-BLG-069 (Kubas et al. 2005) is a
strong candidate for showing rotational-type orbital motion effects. The event was
modelled successfully by Kubas et al. (2005) without including orbital motion, with
a close-binary solution favoured physically and by the modelling. The event had a
timescale tE ≈ 105 d and binary parameters s = 0.46 and q = 0.58. The lightcurve was
very similar to event (b) shown in Figure 3.20, having a long, well covered central-
caustic crossing, with measurements of both caustic entry and exit. The physical lens
parameters obtained from the modelling suggest lens masses of M1 = 0.51M⊙ and
M2 = 0.30M⊙, and a projected separation of ∼1.7 AU, with a corresponding minimum
period of T & 900 d. The baseline is relatively bright, at Ib ∼ 16.2, and so subtle
magnification deviations could probably be constrained by the data, if they have been
covered. The combination of the relatively large timescale ratio tE/T ≈ 1/9 and the
bright baseline suggest that the lens will complete a substantial part of an orbit during
the event (which is significantly magnified for a duration of several event timescales),
meaning there is a significant chance that the source will encounter the secondary
caustics if they rotate.
3.6.3 Future prospects
Interestingly, our results show that the orbital motion detection efficiency depends only
weakly on the mass ratio. In the case of planetary events, caustic-crossing orbital mo-
tion detections occur preferentially in high- to moderate-magnification events (A & 5),
while smooth orbital motion detections occur in all but high-magnification events. Our
results therefore suggest that the strategy of targeting high-magnification events (Griest
and Safizadeh 1998; Han and Kim 2001) should allow caustic-crossing orbital motion
events to be detected efficiently. However, the strong dependence of orbital motion
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detection efficiency on the event timescale suggests that long-timescale events should
also be routinely followed up. While follow-up of these events requires a significant
investment of resources from the follow-up teams, like high-magnification events, they
are relatively rare. For a given cadence, these events allow a better signal to noise de-
tection of planetary deviations, and also allow more time for the prediction of future
features. Long-timescale events are also more likely to show parallax features, allow-
ing constraints to be placed on the lens mass.
High-cadence, continuous-monitoring microlensing surveys will begin operating
in the next few years. Already, the MOA-II survey (Hearnshaw et al. 2006; Sako et al.
2008) has been surveying a fraction of its total survey area with a cadence of ∼10 min
for some time, and the OGLE-IV survey (Udalski 2009) has begun operations this
year, and should provide significant increases in cadence over OGLE-III. KMTnet,
a uniform network of telescopes with near continuous coverage, and operating at a
cadence of ∼10 min should begin operating around 2014; this promises an almost
order of magnitude increase in the detection rate of microlensing events, and a similar,
if not bigger, increase in the detection rate of planets by microlensing. The uniform
nature of the survey network will also make statistical analysis of the planets detected
easier, greatly enhancing the work already done in this direction (Sumi et al. 2010;
Gould et al. 2010). The work we have presented shows that a significant fraction of
the events will show signs of orbital motion, which will significantly complicate the
interpretation of future planet detections. However, these complications can be used to
provide valuable additional constraints on the lens.
Often overlooked are binary-star microlensing events. The next generation sur-
veys will detect many more binary-star events than planetary events. A large number
of these lenses will be located in the Galactic bulge and be composed of low-mass
stars, providing an opportunity to study the properties of the bulge binary-star popu-
lation. Our results show that a significant fraction of these events will show orbital
motion signatures, and it is likely that in a significant number of these events it will
be possible to measure the masses of the system. It should therefore be possible to
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measure the statistics of a population that is difficult to reach by current spectroscopic
and astrometric methods due to their low brightness and long periods.
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4Rapidly-rotating lenses: repeating
orbital motion features in close binary
microlenses1
In the previous chapter we looked at some of the possible effects of orbital motion
on microlensing events. We showed that some of the orbital motion events could be
classified as separational events, where the detectable orbital motion signatures were
caused by rapid changes to the structure of resonant caustics as a binary moved in an
inclined orbit. Alternatively, more gradual orbital rotation across an entire event can
give rise to more subtle, yet still detectable, signatures of orbital motion. We showed
that the majority of orbital motion events that fall into this second, rotational class
are caused by binary lenses with orbits smaller than the Einstein radius. In fact, in
Figure 3.20 (c) we show an example of an event with such a close orbit that the lens
completes more than one orbit in the time that the source is significantly magnified.
In this chapter we investigate in more detail if rapidly-rotating lenses (RRLs) with
repeating, detectable features such as this are likely to be common. We also explore
what information can be extracted from such lenses.
1The work presented in this chapter has been published as M. T. Penny, E. Kerins and S. Mao,
MNRAS, 417:2216-2229, 2011.
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We begin in Section 4.1 by reviewing the aspects of microlensing that are relevant
to the work in this chapter. In particular we examine the magnification pattern of
a close-binary lens and discuss how orbital motion affects this. In Section 4.2 we
give a definition of an RRL event and look at what happens to the images during
the event. In Section 4.3 we estimate the detectability and the rate at which RRLs
occur. In Section 4.4 we describe how physical parameters can be measured from
RRL lightcurves, including in some cases the mass and orbital parameters of the RRL.
In Section 4.6 we briefly introduce additional factors that can potentially affect the
lightcurve and the parameters measured from it. We close the chapter with a discussion
in Section 4.7.
4.1 Introduction
The complexities of microlensing lightcurves can be considered as deviations from the
single-lens Paczyn´ski form. The deviations may be relatively minor and can cover
the entire lightcurve, as in most parallax events (e.g., Smith et al. 2002a), or they
can be large and cover only a small fraction of the lightcurve, as in many binary-lens
events (e.g., Kubas et al. 2005; Beaulieu et al. 2006). In binary-lens events, these devi-
ations from the single-lens form are caused by a difference in the magnification pattern
of the lens. The most prominent features of the binary-lens magnification pattern are
caustics, where the magnification of a point source diverges (see Figure 4.1). A source
passing over a caustic will show a sharp rise in magnification as it enters the caustic
and a sharp fall as it leaves. Other, more smooth magnification pattern features can also
be associated with the caustics. For example, just outside the caustics, near the cusps,
there are excesses of magnification that cause peaks in the lightcurve (e.g., Pejcha and
Heyrovsky´ 2009). Also, between the facing cusps of the central and secondary caus-
tics, there is an ‘arm’ of excess magnification, weaker than the cusp excesses but often
still detectable. The significance of these magnification arms will become clear below.
In a binary-lens event, the caustics are largest and usually strongest when the pro-
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jected lens separation s ∼ 1, i.e., when the lens components orbit with semimajor axis
a which is similar to the Einstein radius rE ∼ 2–3 AU. At these separations there is
only a single, so-called resonant caustic that resides near the lens centre of mass and
only rotates slowly. The orbital periods of these lenses are typically T ∼ 1000 d, much
longer than the microlensing event timescale, which for a typical Galactic microlens-
ing event is tE ∼ 20 d. The lenses therefore complete only a small fraction of their orbit
during the course of the microlensing event and only a fraction of the events are ex-
pected to show detectable signs of orbital motion in their lightcurves (see the previous
chapter and Gaudi and Gould 1997; Dominik 1998b; Konno and Kojima 1999; Ioka
et al. 1999; Rattenbury et al. 2002). Those events where orbital motion is detected are
typically separational-type events where the orbital motion detection comes through
the deformation of the resonant caustic during a caustic crossing; because the sharp
caustic-crossing features on the lightcurve can be precisely timed, the crossings can be
used to constrain even small lens motions (Albrow et al. 2000; An et al. 2002; Gaudi
et al. 2008; Ryu et al. 2010; Hwang et al. 2010; Skowron et al. 2011; Batista et al.
2011). However, in only two of these events has orbital motion allowed measurements
of multiple orbital parameters (Bennett et al. 2010; Skowron et al. 2011). In the rest
it was only possible to place relatively weak constraints on the orbits due to the tiny
fraction of the orbit that was probed.
Lenses with closer orbital separations have three caustics: one at the centre of mass
and two secondary caustics separated from the centre (Schneider and Weiss 1986). The
two secondary caustics will move rapidly as the magnification pattern rotates as a solid
body. These caustics are smaller than those of resonant binary lenses, meaning it is less
likely that the source will encounter them; therefore, the lightcurves of binary lenses
with very close orbits will in most cases resemble single lenses. However, in favourable
cases the binary-lens lightcurve features are detectable. With close orbits these lenses
will have orbital periods much more closely matched to the microlensing timescale.
Analogous to observational celestial mechanics, measurements of orbital parameters
are much more accurate if observations cover more than a single orbit (e.g., Boden
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et al. 2005). Rapidly-rotating lenses with detectable features therefore represent an
opportunity to map a complete or nearly-complete orbit of a binary microlens, possi-
bly allowing stronger constraints to be placed on the lens orbital parameters than are
possible with resonant, separational-type orbital motion events.
4.2 What is a rapidly-rotating lens?
We define a rapidly-rotating lens (RRL) to be a binary microlens, which, if monitored
continuously with suitable photometric accuracy, would guarantee that at least one fea-
ture of its magnification pattern would be seen to repeat at least once in its lightcurve
due to the lens orbital motion. This implies that the lens completes at least two orbits
during the time in which its binary-lensing features are detectable. We choose this def-
inition over the more simple comparison of microlensing and orbital timescales (e.g.,
T < tE Dominik 1998b) because without detecting binary features it is impossible to
measure the binary’s rotation. As mentioned in the previous section, the strength of
binary features declines as the orbital separation and period decrease. So simply de-
creasing the period does not necessarily increase the prospects of detecting a repeated
feature. Therefore, an RRL can only result from a compromise between a fast rotation
rate and detectable binary-lensing features.
Throughout the chapter we shall focus on close-topology lenses, which have sep-
arations s . 0.7 (Schneider and Weiss 1986; Erdl and Schneider 1993), a choice we
shall justify in Section 4.3. Figure 4.1 shows the magnification pattern of a close-
topology lens and labels a number of features. The structure and features of the mag-
nification pattern depend only on the projected separation of the lens components s,
and the mass ratio q (Erdl and Schneider 1993). The most important features of the
close magnification pattern are a central caustic, located at the lens centre of mass, and
two secondary caustics which lie away from the lens centre. Stretched between the
central and secondary caustics are two ‘arms’ of excess magnification (relative to the
magnification that would be caused by a single lens of mass equal to the total binary
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Figure 4.1 – The magnification pattern of a close-topology microlens. The dots denote the lens
positions, with the primary lens at negative x. The lens has a mass ratio q = 0.3 and projected
separation s = 0.6. Notable features of the magnification pattern are labelled.
mass). During a microlensing event, a source will travel across the magnification pat-
tern and we will observe the source change in brightness. The form of this lightcurve is
determined by the trajectory that the source takes. As the source moves, the magnifica-
tion pattern will not stay fixed, as the binary will also move in its orbit. Should the lens
orbit lie face-on to the line of sight, then the magnification pattern will rotate as the
source moves across it. Should the orbit be inclined or eccentric, the structure of the
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Figure 4.2 – The lightcurve of an RRL. The upper panel shows the RRL lightcurve in black,
and the Paczyn´ski lightcurve of a single lens with the same total mass in grey. The lower panel
shows the residual with respect to the Paczyn´ski lightcurve. Features due to the magnifica-
tion arms appear as peaks in the residual, while between them there are relative demagnifica-
tions. Large, short-duration spikes occur when the secondary caustic passes close to or over the
source. The system has parameters tE = 61 d, T = 92 d, s = 0.23, q = 0.8, u0 = 0.3, φ0 = 1.75
(see Section 4.4 for definitions of u0 and φ0).
magnification pattern will also change, as it depends on the projected lens separation
s (Schneider and Weiss 1986).
Figure 4.2 shows the lightcurve of an RRL with a similar magnification pattern
to that shown in Figure 4.1. It closely resembles the lightcurve of a single lens, the
Paczyn´ski lightcurve, but with a quasi-periodic variation over the entire lightcurve that
only becomes obvious in the residual that is left once the Paczyn´ski curve is subtracted
from the lightcurve. These periodic features correspond to the magnification arms that
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extend between the secondary and central caustics, which sweep over the source as the
lens rotates. The microlensing timescale of the lightcurve shown is tE ≈ 60 d, but it is
clear that repeating binary features remain in the lightcurve at a time from peak magni-
fication much greater than this, which corresponds to a source position far outside the
Einstein ring. This is because the secondary caustics can lie far outside the Einstein
ring, their distance from the lens centre increasing as the binary separation decreases.
However, both the size of the secondary caustics, and the strength of the magnifica-
tion arms connecting them with the central caustic, decrease with decreasing binary
separation. We note at this point that, despite the large separation of the secondary
caustics, we need not consider relativistic effects of superluminal caustics (Zheng and
Gould 2000) as the ratio of the caustic rotational speed to the speed of light in all the
cases we will consider is ∼10−3.
4.2.1 What happens to the images?
The image configuration of a point-mass lens consists of two images: a major image,
of positive parity and magnification µ+ ≥ 1, outside the Einstein ring and a minor im-
age of negative parity and magnification µ− < 0, inside the Einstein ring (e.g., Refsdal
1964; Liebes 1964). The addition of a second mass to the lens causes an additional im-
age of negative parity to be produced if the source does not lie within a caustic (Schnei-
der and Weiss 1986). If the lens is far from resonance, i.e., s ≪ 1 or s ≫ 1, two of
the three images can still be associated with the major and minor images of the single
lens, while the new third image is labelled a tertiary image.
It is interesting to study what is happening to each of the three images during the
course of an RRL event. Dubath, Gasparini, and Durrer (2007) study the effects of
an orbiting close-binary lens on the major image by casting the lensing potential as
a time-varying quadrupole. They show that the major image can exhibit significant
time-dependent deviations from the single-lens form when it is highly magnified, and
go on to calculate the expected rate of events showing such deviations. Unfortunately,
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Figure 4.3 – Lightcurves and residuals for each image of a microlensing event with repeating
features. The top panel shows the absolute magnification of the combined images (|µ|), and the
individual major (|µ+|), minor (|µ−|) and tertiary (|µ3|) images in different shades of grey. The
central panels show the absolute magnification residual with respect to the single-lens form
for all images combined, the major image and the minor image, going from top to bottom,
respectively; the bottom panel shows the absolute magnification of the tertiary image, which
has no single-lens counterpart. The event has the didactic, but unrealistic, parameters u0 = 0.4,
s = 0.3, q = 1.0 and tE/T = 10.
they neglect to consider both the tertiary image and the minor image, the latter of
which will be magnified by a similar degree to the primary image, as µ+ ≫ 1 and
|µ+| − |µ−| = 1 (e.g Refsdal 1964; Liebes 1964).
In the top panel of Figure 4.3 we plot the lightcurves of all three images for an RRL
with an unrealistically short period compared to its event timescale. The observable
lightcurve (|µ| against t) clearly exhibits strong repeating features. The lightcurves of
the major and minor images (|µ+| and |µ−|, respectively) also show strong features,
while the tertiary image lightcurve |µ3| is flat and extremely demagnified over most of
the event. However, it is more informative to look at the residual lightcurve (the RRL
lightcurve minus the single-lens lightcurve of the same total mass) for each image and
all images combined, which are shown in the lower panels of Figure 4.3. The tertiary
image has no single-lens counterpart, so we just show its lightcurve with an expanded
scale.
In the residuals, each image shows a strikingly different pattern of features: the
major image is only significantly perturbed from its single lens form when the source is
within ∼rE of the centre of mass, while the minor image shows significant perturbations
out to the position of the secondary caustics. It is only when the source is close to the
secondary caustics that the tertiary image is magnified significantly. It is interesting
to note that the periodic variations in the major and minor image are out of phase
and cancel each other to a significant degree around the lightcurve peak where the
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amplitude of the major image variations is large. Also, throughout the lightcurve the
amplitude of the minor image residual is larger than that of the major image. Both
points have implications for the expected rates calculated by Dubath et al. (2007).
Figures 4.2 and 4.3 show that an RRL can clearly exhibit interesting, repeating
lightcurve features if the binary period and separation conspire. However, this could
be a very rare occurrence, and in order to see if RRL events will be detectable in real
microlensing surveys we must consider how their properties, such as the amplitude of
the periodic signal, relate to the physical parameters of the lensing system.
4.3 Are RRLs detectable?
In the previous section we defined a criterion for a lens to be an RRL and described the
features of an RRL event. In this section we put the definition on a more quantitative
basis and investigate whether RRLs will occur amongst the microlensing events that
are detected by surveys. To determine if detection is plausible, we investigate the range
of physical parameters required to produce a microlensing event with repeating fea-
tures, first analytically and then numerically. Finally we apply our numerical method
to simulated microlensing surveys to estimate the expected rate of RRL detections.
4.3.1 An analytical approach
To see repeating features in a microlensing event, the most fundamental requirement
of the system is that the lens completes more than one orbit during the event. The
magnification pattern of a binary lens is complicated but the essential features of a
close-binary lens can be captured by assuming it to be composed of two straight, radial
arms that extend from the centre of mass to the position of the secondary caustics.
Under this assumption (and assuming a random initial phase angle) repeating features
are guaranteed to be observed if the lens completes two orbits in the time that the source
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spends within the radius swept out by the arms. We can write this as an inequality
2T <
π
2
u±tE, (4.1)
where u± is the radial position of the secondary caustics in units of Einstein radii (see
Figure 4.10) and the factor of π/2 is the mean chord length across a unit circle, which
accounts for the random impact parameter of source trajectories relative to the lens
centre of mass. It should be noted that it is possible for a feature to repeat if the binary
completes between one and two orbits, but this requires a coincidence in the timing of
the first feature.
Both the orbital period and the Einstein timescale depend on the lens mass, and the
period also depends on the lens semimajor axis, so it is possible to write this constraint
in terms of M and a. For projected lens separations s ≪ 1, Bozza (2000b) has derived
an analytical approximation for the secondary-caustic positions (see Equation 4.14),
which if we keep only the first order terms is
u±(s, q) ≃ s−1. (4.2)
Using the definitions of the Einstein radius and timescale (Equations 1.7 and 1.15) and
Kepler’s third law, with a little algebra we can then write Equation 4.1 as a constraint
on the semimajor axis of the binary
a < 4.51 AU [x(1 − x)]2/5D2/5s v−2/5t M3/5, (4.3)
where we have assumed a face-on orbit so that s = a/rE, and where M is the total lens
mass in Solar masses, Ds the source distance in kpc, x ≡ Dl/Ds is the ratio of lens and
source distances and vt the relative lens-source velocity in km s−1.
While we have an upper limit on the lens semimajor axis, in order for RRL lightcurve
features to be detected they must be strong enough to be detectable in the photometry
of the microlensing event. This requirement is somewhat ambiguous but as the mag-
nification pattern depends only on s and q and the strength of features decreases with
decreasing s, we can assume that, for a given photometric precision and mass ratio,
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magnification pattern features will be detectable only when the separation is larger
than a certain value, i.e.,
s > sdet, (4.4)
where sdet depends on q and the photometric accuracy. For stellar-binary mass ratios,
there will only be a small dependence on q but there will be a strong dependence on the
photometric accuracy; however, a value of sdet = 0.3 is reasonable (see Section 4.3.2).
We can again write this constraint as a limit on the semimajor axis
a > 2.85 AU sdet[x(1 − x)]1/2D1/2s M1/2. (4.5)
We now have an upper and a lower limit on a, which are dependent on other param-
eters of the lensing system, the most interesting being the total lens mass. Figure 4.4
shows these constraints on the semimajor axis as a function of mass, for a lens system
with x = 0.75, Ds = 8 kpc and vt = 50 km s−1, with values of sdet = 0.3, 0.2 and 0.1.
Other than the slow lens-source velocity (〈vt〉 ≈ 200 km s−1 for a bulge microlensing
event), these values are typical of a microlensing event towards the Galactic bulge.
The plot shows that most of the parameter space is excluded, but thanks to the differ-
ing power-law indices on the mass dependence, there is a small range of parameters
over which repeating features should be detectable. For the parameters shown, the de-
tectable region opens up at M ∼ 1M⊙ and a ∼ 1 AU, and widens to a = 3.3–4.4 AU by
M = 10M⊙. The dependence of the limits on other parameters means that the region
of detectability will get smaller and move to larger a as the source distance grows; will
get larger and move to smaller a and M as the lens moves closer to the source or the
observer; and will get smaller as the relative lens-source velocity increases. A small
but significant fraction of binary stars will have total masses and semimajor axes in the
range of detectability (e.g., Duquennoy and Mayor 1991), and even more if improved
photometric accuracy can reduce sdet.
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Figure 4.4 – Plot showing the region of the total mass-semimajor axis plane where repeating
features are observable. The red line shows the upper limit on a provided by the constraint in
Equation 4.3, while blue lines show the lower limit on a provided by the constraint in Equa-
tion 4.5, with values of sdet = 0.3, 0.2 and 0.1 from top to bottom. The other parameters are set
at x = 0.75, Ds = 8 kpc and vt = 50 km s−1. The region where repeating features are detectable
for sdet = 0.3 is shaded grey.
4.3.2 A numerical approach
In deriving analytical limits on the range of lens parameters we have had to make
assumptions about the magnification pattern and strength of features. If we instead
proceed numerically, we need not make these assumptions as we can determine pre-
cisely the regions of the magnification pattern where features are detectable for any
given photometric accuracy. We define a detectability ε that is the probability that,
for a given lens system and photometric precision, an RRL with a face-on orbit will
exhibit at least one detectable repeating feature in its lightcurve. A feature is said to be
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detectable at a radial position u, if the range of magnifications µ over a circle of radius
u satisfies
∆m ≡ 2.5 log
[
µmax(u)
µmin(u)
]
≥ ∆mmin, (4.6)
where we have expressed the range of magnifications (µmin → µmax) as a magnitude
difference ∆m and where ∆mmin is the photometric detection threshold, which can be
taken to mean the typical uncertainty in magnitude on a data point in the baseline of
the lightcurve. In calculating ε we average over the random parameters of the source
trajectory and phase angle.
We can now test the predictions we made in Section 4.3.1 by comparing them with
the numerically calculated detectability. Figure 4.5 plots the numerical detectability
ε against total mass M and semimajor axis a for the set of parameters we used for
Figure 4.4. At some values of M and a the numerical calculation fails due to loss of
precision from catastrophic cancellation in the calculation of the magnification. The
analytical upper and lower limits of Equations 4.3 and 4.5 are also shown in the fig-
ure, however with sdet = 0.28 as opposed to 0.3. It can be seen in the figure that the
analytical upper limit of Equation 4.3 agrees very well with the numerical region of
detectability, coinciding with the boundary where ε begins to fall from unity as a in-
creases. Equation 4.3, without the factor of 2 that was introduced on the left-hand side
of Equation 4.1 to guarantee a repeated feature, also describes well the region where
detection becomes possible but is not guaranteed (i.e., 0 < ε < 1).
The analytical lower limit, once the parameter sdet has been adjusted to 0.28 for a
guaranteed repeating feature, also agrees well with the numerical region of detectabil-
ity. It should be noted however, that the slope of the lower edge of the numerical region
is slightly shallower than the analytical lower limit. This becomes more pronounced
when the lens gets closer to the source, the total mass increases or the source velocity
decreases. This is because the assumption that there are detectable features over the en-
tire magnification pattern within u < u± breaks down and the detectable features lie in
two disjoint regions: a disc surrounding the central caustic and an annulus containing
the secondary caustics. The size of these regions depends on s and so the lower limit
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Figure 4.5 – Plot of the average detectability ε (plotted with darkening shades of grey as ε
increases) against total lens mass M and semimajor axis a for a lens with mass ratio q = 0.3
and a photometric precision ∆mmin = 0.01. The lens and source distances and relative velocity
are the same as used in Figure 4.4. The red line is the analytical upper limit of Equation 4.3,
while the blue line is the analytical lower limit of Equation 4.5 with a value of sdet = 0.28. The
green line at the top of the figure marks the boundary between regions of close- and resonant-
topology lenses – we only calculate ε for close-topology lenses. The green points lower in the
figure mark points where our calculation of ε failed (see text for details).
on a becomes a shallower function of M. This effect is more important in determining
the slope of the lower limit on a where ε = 0.
The effects of lens distance and lens-source velocity
Having looked at the role of mass and orbital separation, it is important to investigate
how the detectability of repeating features depends on other factors. Figure 4.6 shows
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Figure 4.6 – Maps of detectability ε plotted against a and M for a binary of mass ratio q =
0.99, photometric threshold ∆mmin = 0.01 and various values of the fractional lens distance
x = Dl/Ds and source velocity vt. Each small panel is essentially the same as the plot in
Figure 4.5, but with different parameter values and slightly restricted ranges M = 0.1–3M⊙ and
a = 0.1–3 AU. Moving from left to right, sub-panels have different fractional lens distances x =
0.5, 0.75, 0.9, 0.95 and 0.98; the results remain the same under the transformation x → (1 − x),
i.e., there is reflectional symmetry about x = 0.5. Moving from bottom to top, sub-panels have
different source velocity vt = 50, 100, 150 and 200 km s−1. The source distance is fixed at
Ds = 8 kpc. The black line shows the boundary between close- and resonant-caustic structures,
above which we do not plot ε. As in Figure 4.5, there are points where the calculation of ε
fails, but these are not shown for clarity as they do not impinge on the regions of detectability.
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detectability maps similar to that in Figure 4.5, but for a mass ratio q = 0.99, pho-
tometric precision ∆mmin = 0.01 and various values of the lens distance and source
velocity. It is clear that the source velocity has a large effect on the detectability, with
large regions of detectability for vt = 50 km s−1 at all lens positions, which are reduced
drastically for vt = 100 km s−1. Once vt = 150 km s−1 there is only a tiny region of
low detectability for lenses very close to the source (or to the observer, as x(1 − x)
is symmetric about x = 0.5). For vt = 200 km s−1 there is only detectability in the
most favourable cases of very high photometric accuracy and fractional lens distance.
This strong dependence on vt occurs because the number of orbits completed by the
lens decreases as vt increases (the v−2/5t term in Equation 4.3) but does not affect the
strength of binary features (Equation 4.5 is independent of vt). In other words, when
taking the ratio of the upper and lower limits of a, the vt term does not cancel at all but
all other terms cancel to a degree. Unfortunately, the microlensing event rate peaks at
vt ∼ 200 km s−1, but there is a significant fraction of events with vt < 100 km s−1 (e.g.,
Dominik 2006).
The lens distance does not affect the size of the detectable region as strongly as
the source velocity does, as the upper and lower limits of the detectable region scale
with x(1− x) as similar power laws (−0.4 and −0.5 respectively). However, this similar
scaling does mean that the detectable regions move as x changes, occurring at lower a
and increasing in size slightly as x(1 − x) decreases. For microlensing events towards
the Galactic bulge, the event rate peaks at x ∼ 0.8 (e.g Dominik 2006), whereas for
self lensing in the Magellanic clouds x will be close to unity, x ≈ 0.98.
The effect of photometric precision
Figure 4.7 plots the detectability for different values of the photometric precision
∆mmin. The photometric precision of the observations strongly affects the detectability
of repeating features. For ∆mmin = 0.005 and 0.01 we see large regions of detectabil-
ity for small source velocities and for ∆mmin = 0.005 even some detectability when
vt = 200 km s−1. As ∆mmin increases to 0.02, the detectable regions shrink signifi-
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Figure 4.7 – As Figure 4.6, but plotted for three more values of the photometric threshold
∆mmin = 0.005 and 0.02 in the top and bottom figures, respectively, and ∆mmin = 0.04 in the
figure continued on the next page.
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Figure 4.7 – Continued
cantly and all but disappear for vt ≥ 100 km s−1. For ∆mmin = 0.04 there is virtually
no detectability, with only a small chance of detection for the smallest velocities and
largest lens distances. Increasing the threshold effectively increases the lower limit of
a at which binary features are detectable, while leaving the upper limit unchanged.
Therefore, just as with the source velocity, the photometric threshold has a large effect
on the size of the detectability region. It should be noted that the detection threshold
∆mmin is in fact a combination of the effects of photometric precision and the blend-
ing by unrelated starlight, which acts to add a noise component to the measurement
of the magnification caused by the lens. The effect of blending is discussed further in
Section 4.6.1.
Even in the most favourable case of low photometric threshold, low source ve-
locity and high fractional lens distance, the region of detectability does not reach the
boundary between close- and resonant-caustic topologies. This is because, as the pro-
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jected separation increases and approaches the close-resonant topology boundary, the
secondary caustics move rapidly inwards to merge with the central caustic. This de-
creases the radial range over which binary features are detectable. At the same time the
orbital period will increase rapidly as the semimajor axis increases. These combined
effects mean that in order to see repeating features from a lens with resonant topology,
an extremely low source velocity is necessary to allow the lens to orbit in the time the
source spends near the resonant caustic. Dominik (1998b) computes lightcurves for
events with rapidly-rotating resonant caustics, but does not estimate how often such
situations will arise.
The effect of the mass ratio
Figure 4.8 shows the same maps as Figure 4.6 but for differing q, and the threshold
fixed at ∆mmin = 0.01. The maps for q = 0.3 are similar to those for q = 0.99 and there
is little difference in the size of the region of detectability. However, once q has fallen
to 0.1, the size of the detectable region has begun to shrink, such that for higher values
of ∆mmin (not shown) there is only a very small chance of detection with small source
velocities. For lower mass ratios still, there are only very small regions of detectability
for q = 0.03 and effectively zero detectability for q = 0.01. If we take the boundary
between brown dwarfs and planets to be at 13MJupiter, there is a very small region of
detectability where the secondary lens is a planet, but the apex of the detectable region
(where the upper and lower limits meet) occurs close to this boundary regardless of the
mass ratio. So, there is little chance of detecting repeating features from a planetary
system unless the photometry is very accurate, the lens very close to the source or the
source velocity is significantly smaller than 50 km s−1. Such low velocity events are
rare but are known to occur, e.g., the event OGLE-1999-BLG-19 had a source velocity
vt = 12.5 ± 1.1 km s−1 (Smith et al. 2002b).
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Figure 4.8 – As Figure 4.7, but plotted for differing mass ratios in each grid. Moving from
top to bottom (continued on following pages) the detectability is plotted for q = 0.3, 0.1, 0.03
and 0.01. The total mass corresponding to a secondary below the deuterium burning limit
MD ≈ 13MJupiter, is M < 0.054M⊙, M < 0.14M⊙, M < 0.43M⊙ and M < 1.25M⊙ respectively
for each value of q. The photometric detection threshold in each case is ∆mmin = 0.01.
4.3.3 How many RRL events will we detect?
To estimate the rate of detectable RRL events we conducted a simulation of a space-
based H-band microlensing survey, such as Euclid (Beaulieu et al. 2010) or WFIRST
(Bennett 2011), and a ground-based I-band survey, based on OGLE-III (Udalski et al.
1997; Udalski 2003). More details about Euclid and WFIRST can be found in the
next chapter. Using the Besanc¸on population synthesis model of the Galaxy (Robin
et al. 2003), including a three dimensional extinction model (Marshall et al. 2006), we
produced a catalogue of possible microlensing events following the recipe of Kerins
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Figure 4.8 – Continued
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Figure 4.8 – Continued
et al. (2009). Source stars with magnitudes Hs < 25 and Is < 21 are drawn from the
Besanc¸on model and lensed by stars of any magnitude in the space- and ground-based
simulations respectively. The lens mass is split up into two components with a mass
ratio q distributed logarithmically in the range q = 0.1–1 and orbit with a semimajor
axis a distributed logarithmically in the range a = 0.1–4 AU. Each event is assigned a
weighting w = 2rEvtu0,max proportional to its event rate, where u0,max is the maximum
impact parameter that the event could have and its peak single-lens magnification re-
main detected at 5σ above baseline, taking into account blending. Each event was
assigned a blending fraction f ′s ≤ 1 drawn from the blending distributions of Smith
et al. (2007), with source density 131 stars per square arcmin, and seeing 0.7 arcsec
and 1.05 arcsec for the space-based and ground-based simulations respectively. This
will significantly overestimate the blending effect for the space-based simulation, as
the diffraction-limited PSF for a 1-m telescope will have a full width at half maxi-
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mum ∼0.4 arcsec; Smith et al. (2007) do not simulate seeing better than 0.7 arcsec.
The final blending suffered by the source fs also includes flux from the lens, which
is obtained from the Besanc¸on model assuming it is a single star. However, the lu-
minosity of binary star with the same total mass as a single star will be less than
the single-star luminosity, as luminosity scales roughly as M2.4 for low-mass main-
sequence stars (Henry and McCarthy 1993, based on V-band mass-luminosity relation
for masses M = 0.18–0.5M⊙). The severity of blending is thus overestimated in both
ground- and space-based simulations, much more so for the space-based survey, and
as blending has a large effect on the detectability (see Section 4.6.1), the event rates
we estimate will be conservative. However, we do not include the effect of orbital
inclination, which can decrease the amplitude of lightcurve features slightly (see Sec-
tion 4.6.3), so this optimistic assumption will likely balance the pessimistic blending
we apply. The photometric detection threshold was calculated based approximately
on the proposed design of the Euclid mission (Euclid payload manager 2009) for the
space-based survey and the OGLE-III setup (Udalski et al. 1997) for the ground-based
setup. Total event rates are normalized to rates ΓµL = 7000 yr−1 for the space-based
survey (e.g., Bennett and Rhie 2002) and ΓµL = 600 yr−1 for the ground-based survey,
corresponding roughly with the rate detected by the OGLE-III survey. The rate of RRL
events ΓRRL is taken to be
ΓRRL =
ΓµL
W
∑
i
wiεi, (4.7)
the normalized sum of the product of εi and wi, the detectability and weight of event i
respectively, over all microlensing events, where W =
∑
wi is again summed over all
events.
The simulations do not account for the observing strategy and assume that frequent
monitoring (a few data points per night or greater) is conducted for a significant frac-
tion of the year (6 months or greater). It is difficult to assess the impact of seasonal
observability on the probability of detecting repeating features without performing de-
tailed detection efficiency simulations. To account for this we introduce a factor fseas,
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the fraction of a year spent continuously observing, which is approximately the prob-
ability that an individual feature is ‘caught’. We must also account for the fact that not
every lens is binary. Raghavan et al. (2010) find that 44 percent of stellar systems are
multiple, with mass ratios q > 0.1, and of these about 20 percent lie in the appropriate
semi-major axis range, so we adopt a binary fraction fb ≈ 0.1.
For our entire sample of space-based survey events we find that RRL events make
up a fraction (1.1± 0.2)× 10−3 of the total microlensing event rate, which corresponds
to an event rate ΓRRL = (7.8 ± 1.5) fseas fb yr−1. Similarly for the ground-based survey
we find that a fraction (0.5 ± 0.1) × 10−3 of the total microlensing event rate is made
up of RRLs, which corresponds to an event rate ΓRRL = (0.32 ± 0.06) fseas fb yr−1. In all
cases the errors are statistical.
Figure 4.9 shows the distribution of microlensing timescales for the detectable RRL
events and all microlensing events in the space-based simulation. The results are very
similar for the ground-based survey, other than the overall normalization. The distri-
butions do not take into account any timescale dependence on detection efficiency, or
the binary fraction. The timescale distribution for RRLs shows a peak at tE ∼ 200 d,
i.e., at timescales a factor of ten longer than the overall microlensing timescale distri-
bution. Even at this timescale, however, detectable RRL events make up less than one
percent of the whole. As the timescale increases, the fraction of RRL events increases.
Long-timescale events are intrinsically rare, but RRL events make up a significant frac-
tion of all events with these timescales and so such events are good targets to search for
RRL signals. Additionally, their long timescales mean that each event is observable for
many years and it is possible to obtain dense coverage of the lightcurve with standard
survey-mode observations. The timescale distribution for all events agrees well with
the expected asymptotic behaviour (Mao and Paczyn´ski 1996), except for the points at
very small and large tE, where small number statistics are in effect.
Various microlensing surveys have targeted the Galactic bulge more or less con-
tinuously for roughly twenty years. These survey-mode observations take place over
much of the year, so the seasonal observability factor fseas will be close to unity. There
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Figure 4.9 – Microlensing timescale distributions for detectable RRL events (solid line) and all
microlensing events (dashed line) for the space-based survey. The dot-dashed lines show the
expected asymptotic slope of the timescale distribution, with power law indices ±3 (Mao and
Paczyn´ski 1996).
is therefore a good chance that there is of the order of one RRL event in current mi-
crolensing data sets. New ground-based microlensing surveys, some already in oper-
ation and some due to start in the near future, will increase the overall microlensing
event rate significantly, so there is also a reasonable chance of detecting of the order of
one RRL event over a timescale ∼5 yr.
A space-based microlensing survey is proposed for two space missions which
would launch at the end of the decade: ESA’s Euclid (Beaulieu et al. 2010) and NASA’s
WFIRST (Bennett 2011). Such a mission may only spend 2–3 months per year per-
forming a microlensing survey, as the majority of observing time would be spent on
dark energy surveys. As such the seasonal observability fseas ∼ 0.2 factor would be
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low, and a high degree of coincidence would be necessary for multiple RRL features
to fall within the observing windows. The number of space-based RRL detections is
therefore likely to be low in reality. However, a dedicated space-based microlensing
survey, possibly as a mission extension to Euclid or WFIRST , observing the bulge
continuously for most of the year would be very likely to detect RRL events.
4.4 Estimating RRL parameters
The lightcurve of a static-binary microlensing event contains information on the lens,
which can be found by fitting the lightcurve with a static-binary microlensing model.
Similarly, the lightcurve of an RRL contains information about the lens and its or-
bit. In this section we investigate the information it is possible to extract from RRL
lightcurves and how this can be done. More specifically, we derive a number of approx-
imations that relate the parameters of the RRL, including the orbital period, to features
of the lightcurve. These approximate parameters can then be used as the initial guesses
for a fit to the lightcurve.
The static-binary-lens lightcurve for a point source can be described with a min-
imum of seven parameters: three to describe the source trajectory, usually an impact
parameter u0 and angle α, and the time of closest approach to the origin t0; one for
the lightcurve baseline mb; two to describe the lens, the mass ratio q and projected
separation s in units of Einstein radii; and finally the Einstein radius crossing time
tE. The coordinate system is usually chosen so that both lenses lie on the x-axis and
the origin is the centre of mass; we shall refer to this coordinate system as the static
centre-of-mass system.
The simplest RRL, with a face-on, circular orbit requires just one additional param-
eter, the orbital period T , for a total of eight parameters. In contrast, a full Keplerian
orbit requires five additional parameters (including the period), bringing the total to
thirteen parameters, many of which will be hard to constrain. We demonstrate below
that the eight parameters of the face-on, circular model can be well constrained by
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Figure 4.10 – Parametrization of the RRL. Caustics are shown as solid red lines, the lens
positions as red circles, with the primary lens in the positive quadrant, and the source trajectory
as a solid green line at positive x. The green line at negative x shows the trajectory of a source
with negative u0 (see text for more details). The binary axis (BA), which subtends an angle
φ(t) relative to the fixed x-axis, rotates at a frequency ω = 2π/T . (u+, ψ+) is the position of
one of the secondary caustics in polar coordinates that rotate with the binary axis; similarly,
the other caustic is at (u−, ψ−). The blue dotted line shows the Bozza (2000b) approximation
to the position of the centre of the secondary caustic (Equation 4.14) for this lens. The lens has
the parameters s = 0.65 and q = 0.1, and lengths are in units of the Einstein radius.
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the lightcurve and parameters can effectively be ‘read off’ the lightcurve with only a
small amount of algebraic manipulation. It should be possible to use these parame-
ter estimates in a more detailed modelling analysis, either using the face-on, circular
model (which will be well constrained should the face-on, circular orbit approximation
apply), or as partial constraints for a full Keplerian model. This analysis, which we de-
scribe briefly later, can significantly reduce the range of parameters it is necessary to
search in order to find the best-fitting event model. In Section 4.6.3 we briefly discuss
the effects of orbital inclination and eccentricity on the lightcurves and detectability of
RRLs, and in Section 4.6.4 we discuss the effect of parallax on an RRL lightcurve.
We choose a coordinate system fixed with respect to the sky, with its origin the
lens centre of mass. As such, the lens components are not fixed. For convenience, we
recast the angle α → φ0, where φ0 is the angle subtended by the primary mass relative
to the x-axis at time t0 and we fix the angle of the source trajectory such that the source
travels parallel to the y-axis. At time t the source is at the (complex) position
zs(t) =
(
u0,
t − t0
tE
)
, (4.8)
and subtends the angle
θ(t) = arctan
(
t − t0
u0tE
)
, (4.9)
with respect to the x-axis. Similarly, the binary axis, which we define as the line
extending from the centre of mass through the primary mass, subtends an angle
φ(t) = 2π
T
(t − t0) + φ0, (4.10)
with respect to the x-axis. This parametrization is shown in Figure 4.10. The parametriza-
tion differs from that recently proposed by Skowron et al. (2011) for orbiting-binary
lenses, which is best suited for binaries with orbits much longer than the microlens-
ing timescale. The Skowron et al. (2011) parametrization is expressed in terms of
the 3-dimensional position and velocity of one lens component, as the on-sky posi-
tion components will be well constrained. The on-sky velocity components may be
well constrained and the radial position and velocity are likely to be poorly or not
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constrained. However, as we will show, for an RRL it is the orbital period and phase
angles that will be well constrained, so it is better to couch the problem in terms of
these quantities.
Many of the features in a close-binary-lens magnification pattern are radial, or
approximately so. This makes them ideal for measuring the rotation rate of the lens. A
feature occurs on the lightcurve when a magnification-pattern feature sweeps over the
source. A radial feature that subtends the angle ψf relative to the binary axis will occur
on the lightcurve when
θ(t) = φ(t) + ψf. (4.11)
By solving this equation we can use the timing of repeated features to easily obtain
approximate measurements of some of the lens parameters. This means that many of
the lens parameters can be ‘read-off’ the lightcurve and it is possible to build an ap-
proximate model of the lens quickly, without complex analysis. For such estimations,
the most important magnification map features are:
• the magnification arms (shown in Figure 4.1, which extend from the central caus-
tic to the secondary caustics),
• a planetary demagnification (a region of demagnification relative to the single
lens) that lies between the secondary caustics, with its minimum lying along the
binary axis.
The planetary demagnification feature is only present for lenses with small mass ratios
q . 0.3. Both features are complementary, as in equal-mass-ratio binaries the plan-
etary demagnification does not occur, but the magnification arms are strong and very
close to radial, while in low-mass-ratio binaries the magnification arms are weaker and
less radial, but the demagnification region is strong and always lies at ψf = π.
Figure 4.11 shows a lightcurve where features repeat strongly five times. The first
step to estimating RRL parameters is to fit the lightcurve with a Paczyn´ski curve. This
is a relatively trivial task and most RRL lightcurves will approximate a Paczyn´ski curve
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Figure 4.11 – An example lightcurve of an RRL showing how lightcurve features relate to the
parameters of the lens. The lens has parameters tE = 30 d, T = 38 d, s = 0.3, q = 0.1, u0 = 0.8,
φ0 = 2.14.
with only small deviations. This fit allows an accurate estimation of the parameters t0,
tE and |u0|, the last down to an ambiguity in sign, which corresponds to the source
moving upwards and passing the lens centre on its left (positive u0) or right (negative
u0), having imposed the convention that the lens always rotates anti-clockwise. This
Paczyn´ski model completely describes the source trajectory and hence defines the left
hand side of Equation 4.11. The orbital period can now be estimated by timing two
occurrences of the same magnification-pattern feature. The period is not simply the
time elapsed between two features because the source moves during this time. Instead,
by solving Equation 4.11 we can find the relation between the period T and the time of
two consecutive occurrences of the same magnification-pattern feature at times t1 and
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t2
T =
2π
2π + [θ(t2) − θ(t1)] (t2 − t1) , (4.12)
where the fraction is the number of orbits the source completes between the two source
encounters. The degeneracy in the measurement of the sign of u0 affects this equation,
due to the presence of the θ(t) terms, but can be resolved if more than one pair of
features is available for estimating T , as only one value of u0 will give consistent
estimates of T for different feature pairs.
With an estimate of the period, if we know the angle subtended by a feature on
the magnification map ψf, we can also estimate the phase angle φ0, again taking into
account the source motion
φ0 = θ(tf) − ψf − 2πT (tf − t0). (4.13)
The planetary demagnification region has ψf = 0, which makes this task simple. How-
ever, the demagnification may not be obvious or, if the mass ratio of the lens is high,
may not be present. In these cases it is necessary to know ψf for the magnification arms.
Knowing that they extend from the central caustic (roughly at the centre of mass) to
the secondary caustics, we need only know the position of the secondary caustics to
estimate ψf. Bozza (2000b) has derived analytical approximations for the position and
shape of secondary caustics in close lenses with s ≪ 1, using a series expansion of the
Jacobian. He finds that the secondary caustics are located at
z± ≃
1
s(1 + q)
 (1 − q)(1 − s
2)
±√q(2 − s2)
 , (4.14)
in the static centre-of-mass system. Figure 4.10 shows that this expression is reason-
able even when s is quite large. If we assume the magnification arms are radial, we
can use Equation 4.14 to approximate the angle of the magnification arms, to second
order in s, as
ψ± ≃ arctan
[±√q(2 + s2)
1 − q
]
, (4.15)
which is relatively insensitive to the lens separation s. It is useful to note the asymptotic
behaviour: ψ± ≃ ±2q1/2 as q → 0 and ψ± → ±π as q → 1. While the dependence of ψ±
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on q implies an ambiguity in the estimation of φ0, the corollary is that we can estimate
the mass ratio from the timing of features as well. Using the times of consecutive
magnification-arm crossings, t+ and t−, we have
|ψ±| =
1
2
∣∣∣∣∣θ(t−) − θ(t+) − 2πT (t− − t+)
∣∣∣∣∣ . (4.16)
This value can be substituted into Equation 4.13 and Equation 4.15 can then be solved
for q.
The remaining parameter that we are interested in is the lens separation s. The
angle of features is essentially independent of s, so it is not possible to estimate s by
timing features. However, by noting that the magnification pattern becomes essentially
featureless beyond the secondary caustics (see Figure 4.1), and that the position of the
caustics does depend on s, it is possible to estimate s from the lightcurve. Unfortu-
nately the secondary caustics are very small, and in most events they will not pass
directly over the source, so the estimate will not be very accurate. The best estimate of
the position of the caustic will be derived from the largest peak due to a magnification
arm in the wings of the lightcurve (e.g., the peak at t ≈ −90 d in Figure 4.11). This will
occur when the radial source position approximately coincides with the radial caustic
position, so that |zs|2 ≈ |z±|2. Using Equation 4.2, to first order, we can write
s ≈
u20 +
(
tc − t0
tE
)2
−1/2
, (4.17)
where tc is the time of the peak due to the caustic.
We have outlined how the parameters of an RRL can be estimated from pairs of
feature timings in the case of the simplest RRL. However, in a given event there may
be many repetitions and better parameter estimates can be obtained by considering all
the lightcurve features simultaneously. For a given magnification pattern and source
trajectory it is possible to compute a timing model by finding all possible solutions of
Equation 4.11, θ(t) = φ(t) + ψf for each feature. By extracting the occurrence time
of all the lightcurve features it is possible to fit timing models to this timing data. It
is also possible to add additional features to this timing model, such as the effects of
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inclination and eccentricity by modifying the function φ(t), or microlensing parallax
by modifying θ(t). This modelling may be significantly faster than a full lightcurve-
fitting analysis, especially when additional effects are included, as there is no need
to calculate finite-source magnifications. While it will not fully remove the need for
lightcurve fitting, it will significantly narrow down the range of parameters over which
lightcurve fitting has to search.
4.5 Measuring RRL masses
We have shown that it is possible to estimate the parameters of an RRL lightcurve, but
what we would really like is to be able to measure the physical parameters of the lens,
most importantly the lens mass and the binary separation in physical units. Compared
to a static-binary lens, we have one additional piece of information with which to infer
M and a: the orbital period. Dominik (1998b) has shown that by combining the orbital
period T and the lens separation s, it is possible to write down a mass-distance relation
M =
T 4
C6s6x3(1 − x)3D3s
, (4.18)
which relates the mass to the lens distance through known quantities, assuming the
source distance is known from its colour and magnitude; the constant
C = 2.85M−1/2⊙ AU kpc−1/2 when the period is measured in years and the source dis-
tance in kpc. As we will demonstrate in Section 4.6.3, it is likely that if the orbit is
inclined it will be possible to measure the inclination and account for projection, so
that the value of s that is measured can be used to obtain a good approximation of
a/rE. This means that as Equation 4.18 has a minimum at x = 0.5, we can place a firm
lower limit on the mass of the lens, and an upper limit on the semi-major axis.
To improve on the mass-distance relation, an additional piece of information is
needed to break the degeneracy. This can be obtained by measuring πE = AU(1−x)/rE,
the microlensing parallax (Gould 1992), or by measuring θE = rE/Dl, the angular
Einstein radius, through detection of finite-source effects (Gould 1994b; Nemiroff and
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Figure 4.12 – Plot of the various mass-distance relations for the event shown in Figure 4.11,
labelled by the parameter measurement that would allow their definition. The arrows point
into the region that is allowed should only an upper limit on T , πE or θE be available. If the
period T is measured along with only one of πE or θE, the mass and distance to the lens can
not be determined uniquely, but even a relatively weak upper limit on the other parameter may
be sufficient to rule out one possible solution; note however that a lack of finite-source effects
places a lower limit on θE.
Wickramasinghe 1994; Witt and Mao 1994), or direct detection of the lens once it has
separated from the source (Alcock et al. 2001a; Bennett et al. 2006, 2007; Kozłowski
et al. 2007). Measurement of either πE or θE allows a second mass-distance relation to
be written, for πE (Gould 1992)
M =
AU2(1 − x)
C2xDsπ2E
, (4.19)
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or similarly for θE (Gould 1994b; Nemiroff and Wickramasinghe 1994)
M =
θ2ExDs
C2(1 − x) , (4.20)
if θE is measured in units of mas. One of these relations can then be combined with
Equation 4.18 to yield two possible solutions to the mass and distance. This can be
seen in Figure 4.12, which plots the mass-distance relations for the event shown in
Figure 4.11.2 The πE- and θE-lines cross the T -line in two places: once at the true
parameter values x = 0.95, M = 1M⊙, and once at other values of M and x which
are different for each relation. With a measurement of only one of πE or θE it is not
possible to uniquely determine the mass and the distance. This is likely to be the case,
as finite-source effects are most likely in lenses close to the source, while parallax
is most likely in lenses close to the observer. However, even a crude limit on the
unmeasured parameter may be enough to rule out one possible solution, e.g., an upper
limit on πE from the lack of parallax effects may allow the solution with smaller x to
be ruled out, or a lower limit on θE from the lack of finite-source effects may allow the
solution with larger x to be ruled out. Direct detection of the lens may require a very
long time baseline as RRL features are most detectable in events with low lens-source
proper motions. However, RRLs are more likely to be more massive than the average
lens (and therefore brighter) and the diffraction limit of 30–40-m class telescopes, such
as the Thirty Metre Telescope (TMT),3 the Giant Magellan Telescope (GMT),4 or the
European Extremely Large Telescope (E-ELT),5 may be sufficient to resolve the lens
and source in a reasonable time.
2Note that parallax or finite-source effects were not included in the model used to plot the lightcurve.
3http://www.tmt.org
4http://www.gmto.org
5http://www.eso.org/public/teles-instr/e-elt.html
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Figure 4.13 – The effect of blending on the photometric detection threshold. The effective
threshold ∆mmin is plotted against the ratio of source to total blend flux fs for three values of
photometric precision σm. The solid lines show the exact value, whereas the dashed line shows
the approximation for small σm.
4.6 Additional factors affecting RRL detectability
In the preceding sections we have mentioned a number of additional effects that can
affect the form of an RRL lightcurve and its detectability. In this section we briefly
outline the most important effects and the impact they have on RRL lightcurves and
detectability.
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4.6.1 Blending
For a given photometric precision σm magnitudes, the effective threshold at the event
baseline is
∆mmin = 2.5 log
(
100.4σm − 1 + fs
)
− 2.5 log fs (4.21)
≃ 2.5 log
(
1 + 0.92σmfs
)
, (4.22)
where the approximation applies for small σm and fs is the fraction of the total light at
baseline contributed by the unlensed source. Figure 4.13 shows this for various values
of the photometric threshold. It is clear that only with the most accurate photometry
will it be possible to detect RRL features when the blend contributes most of the flux;
for less accurate photometry, σm ≈ 0.02, even a small amount of blending will sig-
nificantly affect the detectability of features. The effect of blending decreases as the
magnification increases, but we wish to see features over the entire lightcurve and only
a small region of the lightcurve will be magnified enough to significantly reduce the
effect of blending.
4.6.2 Finite-source effects
Figure 4.14 shows the lightcurve of an RRL lensing a giant source of radius 100R⊙,
in comparison to the same RRL lensing a point source. The effect of the finite source
on the lightcurve is clear, causing a wider, lower peak magnification. Whilst the lens
centre of mass transits the source, there is effectively no deviation from the finite-
source point-lens lightcurve, except for spikes in the residual at t ≈ ±20 d which are
characteristic of a large source crossing a small central caustic (Dong et al. 2009a; Han
2009a). In the wings of the lightcurve there is very little difference between the finite-
and point-source lightcurves and most of the features in the residuals have the same
amplitude. Only when the source is very close to the secondary caustic is there any
deviation from the point-source lightcurve in the wings. The left inset of Figure 4.14
shows that the peak in the finite-source lightcurve at t ≈ −210 d is slightly broader
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Figure 4.14 – The lightcurve of an RRL lensing a finite source of radius 100R⊙ (black) com-
pared to the lightcurve of the same RRL lensing a point source (grey). The inset figures show
in more detail the residuals when the source is close to the secondary caustic (on the left) and
the central caustic (on the right). The lens has a mass M = 0.8M⊙, semimajor axis a = 0.4 AU,
mass ratio q = 0.3, fractional lens distance x = 0.95, source distance Ds = 8 kpc, source veloc-
ity vt = 50 km s−1, impact parameter u0 = 0.1 and phase angle φ0 = π/4. The ratio of source
to Einstein angular radii ρ∗ = θs/θE = 0.28 is very large. The effects of finite sources are only
significant when the source is near the central or secondary caustics.
and about half the amplitude of the point-source lightcurve. Interestingly, this peak,
although broadened by the finite-source, is still much narrower than the source crossing
time, which determines the width of the central peak. Its width is instead determined
by the time taken for the secondary caustic to cross a source diameter.
The example we have shown is very extreme, with a very large source, very close to
the lens, and even then the finite-source effects only render binary features undetectable
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over a relatively small fraction of the lightcurve. A typical giant source star will be
up to a factor of ten smaller, so the part of the lightcurve severely affected by finite-
source effects will be correspondingly smaller. As the source has to be transited by
the lens centre for finite-source effects to become apparent at the lightcurve peak, the
probability of this occurring is also reduced by the same factor. This means that finite-
source effects will not affect the detectability of repeating features very much. If finite-
source effects are detected in an event, the measurement of the source radius, combined
with a measurement of the lens period can be used together to measure the lens mass
to a two fold degeneracy (Dominik 1998b).
4.6.3 Inclination and eccentricity
Inclination and eccentricity of the lens orbit will act to make the magnification-pattern
motion much more complicated, as changes in the projected lens separation cause the
caustics to move and change shape (see, e.g., Figures 3.19 and 3.20). The effects are
too complicated to investigate in detail here, but it is worth considering them in brief.
For a lens with a given semimajor axis, inclining the orbit should reduce the detectabil-
ity of features over part of the orbit, as s decreases. Figure 4.15 shows the effect of
inclination on the lightcurve of an RRL. It shows that inclination tends to decrease the
amplitude of features but does not completely wipe them out, even when the inclina-
tion i = 90◦. In this extreme case, rather than rotating, the secondary caustics move
along diagonal lines as the projected separation of the lenses changes, but their angle
does not (except for flips by π every half period). Inclination significantly changes the
morphology of the lightcurve and can also change the timing of peaks (see, e.g., those
at t ≈ −300 d), which implies that it may be possible to measure the inclination of the
lens orbit from the lightcurve.
In contrast to inclination, eccentricity may increase the detectability of features.
For a given semimajor axis, eccentricity can both increase and decrease the projected
separation. However, Kepler’s second law implies that the lens will spend longer at
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Figure 4.15 – The lightcurves of RRLs with different orbital inclinations relative to the line of
sight. For each lightcurve, the lens has mass M = 0.58M⊙, semimajor axis a = 0.54 AU, mass
ratio q = 0.52, fractional lens distance x = 0.86, source distance Ds = 9.5 kpc, source velocity
vt = 61 km s−1, impact parameter u0 = 0.77, phase angle φ0 = 4.3 measured in the plane of the
orbit. The orbit was circular, and inclined about the x-axis as defined in Figure 4.10.
larger projected separations (assuming no inclination). As with inclination, eccentric-
ity will also change the lightcurve morphology and timing of features, so it may also
be possible to measure the eccentricity of the lens from the lightcurve. Simultaneously
including the effects of inclination and eccentricity in the modelling of an RRL event
will likely be difficult, as together they require an additional four parameters over the
standard RRL parametrization. However, as the angle of magnification-pattern features
does not depend strongly on the projected separation, it will be possible to include in-
clination and eccentricity in the timing analysis proposed in Section 4.4. This may
significantly ease the analysis by narrowing down the search space to the range of
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parameters compatible with timing measurements.
4.6.4 Parallax
Parallax effects due to the motion of the Earth about the Sun will cause the source to
appear to take a curved path through the plane of the sky and will affect the lightcurve
of an RRL event. If the magnitude of the parallax effect is small then it will cause only
small perturbations to the shape of the lightcurve and the timing of features. Larger
effects may cause significant changes to the RRL lightcurve, significantly changing the
timing of features, and possibly making them appear less periodic, or adding a stronger
annual periodicity to the lightcurve. However, while parallax may significantly com-
plicate the interpretation of an RRL event, it does not affect the magnification map and
the detectability of RRL features should remain the same. Moreover, the detection of
parallax in an RRL event will allow the lens mass to be measured, at least to a two-
fold degeneracy (see Section 4.4). Due to the photometric accuracy required to detect
RRLs and the long timescales of the events, the probability of detecting parallax along
with RRL features is significant (Buchalter and Kamionkowski 1997).
4.7 Discussion and conclusion
Although the phenomena of microlensing by lenses with rapid orbital motion has been
discussed previously in the literature (Dominik 1998b; Zheng and Gould 2000; Dubath
et al. 2007), no work so far has properly treated all the factors required to estimate a
realistic event rate. In this chapter, we have outlined the theory of RRLs and used it to
estimate the range of parameters over which they are detectable and the rate at which
they are expected to be observed. We find that RRLs with masses and orbital radii
typical of binary stars are detectable and that there is a reasonable chance that they
will be detected, either in current microlensing data sets or in ongoing or near-future
microlensing surveys.
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In calculating these rates we have actually used the relatively stringent criteria of
requiring that two or more lightcurve features from the same orbital phase are detected
in the lightcurve. If we relax this repetition requirement somewhat, to include lenses
that display significant signs of orbital motion (say several degrees rotation per tE), the
event rate will increase significantly, as lenses can then have larger orbits and hence
stronger lightcurve features. In the previous chapter we have shown that orbital motion
is detectable in a large fraction (∼15 percent, see Figure 3.11) of binary lenses with
detectable binary-lensing features and orbital periods comparable to the microlensing
timescale.
We have detailed how the features of an RRL lightcurve can be used to measure
its period and potentially measure its mass. Even if features do not repeat, if several
features are detectable in the lightcurves of binary-lens events then the techniques we
have outlined for timing features and extracting parameter estimates may be of some
use in their analysis. Without repeating features, the orbital period may not be con-
strained as accurately, but it should be possible to place constraints on the lens mass
and orbit in many cases.
So far we have neglected to discuss the prospects for positively identifying RRL
events from other events which may mimic their features. Periodic features may also
be induced by orbital motion in the observer and source planes, or intrinsic variability
in the source or a blend star. In the observer plane, the period of orbital parallax effects
is well defined and unless the lens has an orbital period similar to 1 yr, it is unlikely
the effects will be confused. Even if the orbital period is close to one year, the shape of
features in the lightcurve are likely to be different. Orbital effects in the source plane
may be more difficult to exclude as the period is not fixed. If there is only a single
luminous source (the xallarap case, Paczyn´ski 1997; Han and Gould 1997; Rahvar and
Dominik 2009), a timing analysis similar to the one we proposed for the lens can be
performed for the source. This analysis should be somewhat easier and more precise
for xallarap as there are no complicated features in the magnification pattern. If this
timing analysis is insufficient to separate the two cases then the shape of lightcurve
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features may differentiate the two interpretations. In the case where both sources are
luminous, the lightcurve can take a more complicated shape, which may more closely
resemble that of an RRL (e.g., Cherepashchuk et al. 1995; Han and Gould 1997). Even
in this case, timing analysis for maxima and minima of the lightcurve should be easier
than for RRLs, and full lightcurve modelling starting from timing analysis solutions
will likely be able to differentiate the two scenarios. Finally, variability of the source
or a blend may also produce similar lightcurve features. If this variability is detectable
at baseline, then as long as the baseline is long enough the RRL scenario need not be
considered (Wyrzykowski et al. 2006).
It is worth noting that we should naively expect the rate of RRL/significant lens
orbital motion events to be similar to the rate of binary-source orbital motion events.
This is because the factors that govern their occurrence, such as the ratio of orbital
separation to the Einstein ring and the ratio of orbital to microlensing timescales, will
have similar distributions in the lens and source populations. Similarly, we would
expect the rate of parallax events to be roughly ten times greater than the rate of RRL
events with orbital periods ∼1 yr, as the binary fraction is ∼0.1 while the observer is
always orbiting. It is worth comparing this with the number of reported single-lens
parallax events, ∼20–50 (e.g., Poindexter et al. 2005; Smith et al. 2005, and references
therein), while ∼10 events have been successfully fitted with xallarap models (Smith
et al. 2003; Poindexter et al. 2005). In contrast, only one binary-lens event has shown
significant rotation, MACHO-97-BLG-41 (Albrow et al. 2000). In this event, the lens
rotates at ∼4◦ per tE (a low rotation rate compared to RRLs), which is detected thanks
to the source crossing the central and one secondary caustic, as opposed to the smaller,
smoother, more continuous features of RRLs. It is possible therefore that many events
with significant rotational orbital motion signatures have not been modelled or have
been interpreted as xallarap events. Thus it is important that any event that is modelled
with xallarap also be tested with an orbiting binary-lens model.
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5The Manchester-Besanc¸on
microLensing Simulator and its
application to the Euclid mission1
5.1 Introduction
In this chapter we return to the central theme of the thesis: simulations. With the
recent selection of Euclid by ESA (Laureijs et al. 2011) and the top prioritization of
WFIRST by the “New Worlds, New Horizons” report (Blandford et al. 2010), there is
a significant chance that a space-based planetary microlensing survey may be under-
taken at the end of the decade. This has produced renewed interest in microlensing
simulations, which will be used to optimize any survey before it is launched. This
chapter describes the development of a new microlensing simulator, MaBµLS. It is the
first simulator to combine a population synthesis Galactic model (the Besanc¸on model
Robin et al. 2003) with a comprehensive treatment of multi-band imaging photometry.
As a preliminary test of the simulator we apply it to a simulation of the Euclid mission.
1Part of the work presented in this chapter will be submitted for publication as M. T. Penny, E. Kerins,
N. J. Rattenbury, J.-P. Beaulieu, A. C. Robin and S. Mao, to be submitted.
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We begin the chapter by reviewing the current theories of planet formation and evo-
lution, and how microlensing can be used to test these. We recap the theory of plan-
etary microlensing, discuss how microlensing surveys can be performed from space
and introduce the Euclid mission. In Section 5.2 we describe the simulator, outlining
the major features and explaining some of the design choices. In this section we also
describe the Besanc¸on Galactic model, which is used by the simulator. In Section 5.3
we describe the results of the preliminary Euclid simulation, before ending with a dis-
cussion in Section 5.4.
5.1.1 Planet formation and evolution
The burgeoning list of known exoplanets is revealing huge diversity in the properties
and structure of exoplanetary systems. The formation and evolution of planetary sys-
tems is still an open question and an area of significant ongoing research. Presently,
two formation models are considered plausible: core accretion and disc instability (see
D’Angelo et al. 2011, for a review).
In the core accretion scenario (Safronov 1969; Mizuno 1980; Lissauer 1987), plan-
ets form out of a thick disc of gas and dust by the gradual build-up of material from dust
grains into larger and larger objects through collisions. Once the objects become large
enough, they begin to accrete first dust, and then gas, via gravity, a runaway process
as the accretion rate increases with mass. Planet growth is halted by the protoplanet
clearing its area of the disc or through competition with neighbouring planets (Pollack
et al. 1996). Although at the end of the process planet formation is rapid, the initial
stages of planet growth are slow, and the whole process takes of the order of a few Myr,
with an upper limit imposed by the lifetime of the disc (Pollack et al. 1996). In the core
accretion model, terrestrial planets (such as Earth and Mars) can be considered as the
cores of planets that fail to reach the mass required for runaway gas accretion, either
due to their location in the disc or the influence of other planets nearby that grow more
rapidly. The core accretion process is most efficient in a region of enhanced disc den-
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sity where water and other hydrogen compounds condense to form ice (Morfill 1985;
Stevenson and Lunine 1988). This region (the so-called ice- or snow-line) lies at orbital
radii ∼2 AU and is thought to be where most planets form. This is at the distance that
microlensing surveys are most sensitive to planets (see Chapter 1 and Section 5.1.2).
In contrast, in the disc instability model (Kuiper 1951; Cameron 1978; Boss 1997),
giant planets form through a gravitational instability in a gaseous disc. Such an insta-
bility can cause fragmentation of the disc into clumps, which can collapse under grav-
ity in a rapid process taking ∼1000 yr. Stellar irradiation and other factors are thought
to prevent the growth of instabilities at orbital radii less than a few tens of AU, limit-
ing the effectiveness of disc instabilities to form planets at these distances (see, e.g.,
D’Angelo et al. 2011). Beyond this, it is likely that disc instability is the only mech-
anism by which giant planets can form (Boss 2011). In this model, terrestrial planets
are still thought to form through a process similar to core accretion (Boss 2006). Disc
instability therefore predicts that, unless giant planets migrate inwards from the far
disc, microlensing experiments should detect giant planets at large orbital radii, but
only low-mass planets in the region of peak microlensing sensitivity.
From the earliest discoveries of Jupiter-mass planets on close-in orbits around nor-
mal stars (Mayor and Queloz 1995; Marcy and Butler 1996) it has been clear that
the orbital structure of some, if not all, planetary systems must undergo significant
evolution (Lin et al. 1996), either during the formation stages or in subsequent planet-
planet interactions. Migration of planets during formation, due to interactions with
the disc, can cause both inward (Goldreich and Tremaine 1980; Ward 1997) and out-
ward migration (Masset and Snellgrove 2001). Resonant trapping by giant planets can
cause other planets to join in with this migration (Snellgrove et al. 2001). More vio-
lent planet-planet interactions can result in planets being scattered inwards (Nagasawa
et al. 2008), outwards or even being ejected completely from their systems (Veras et al.
2009). Recent microlensing results on the abundance of isolated planetary-mass ob-
jects suggest that more than one Jupiter-mass planet per star is potentially ejected in
this way (Sumi et al. 2011).
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Figure 5.1 – The planet mass–semimajor axis diagram for the known exoplanets (exoplan-
ets.eu as of 17th October 2011, Schneider et al. 2011), together with Kepler candidate plan-
ets (Borucki et al. 2011), plotted assuming the mass-radius relation used by Lissauer et al.
(2011). Some planets have been clipped at smaller and larger semimajor axis. Grey points
show planets detected by radial velocities, green by transits, red by microlensing, magenta by
direct imaging, orange by timing and light blue points show Kepler candidates. Solar System
planets are denoted by letters.
The planet mass–semimajor axis diagram
The complex interplay between planet formation and orbital evolution means that the
planet mass–semimajor axis diagram (Mp-a diagram, see Figure 5.1 for the plot of the
known exoplanets) is a powerful diagnostic for testing planet formation theories (e.g.,
Ida and Lin 2004; Currie 2009). Planets forming via core accretion will start off at low
masses near the centre of the diagram and move upwards as they accrete mass (Mor-
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dasini et al. 2009a). Through orbital evolution they will move horizontally on the plot,
either smoothly as a result of migration or by discontinuous jumps due to scattering.
Similarly, planets formed by disc instability will start at the upper right of the diagram
and may move inward through migration or scattering.
While the difference between core-accretion and disc-instability models of planet
formation are over the formation mechanism of giant planets, both models will also
predict different distributions of low-mass planets. This is because giant planets in
the process of formation will consume or disrupt some of the disc material that would
otherwise be available to form low-mass planets. Also, giant planets dominate the or-
bital dynamics of planetary systems, making certain regions of the system dynamically
unstable. Low-mass planets are therefore a valuable additional probe of the planet for-
mation progress.
The list of more than 650 known exoplanets (Schneider et al. 2011; Wright et al.
2011) detected through radial velocities (RV), transits, timing, direct imaging and mi-
crolensing, together with 1235 candidate planets detected by Kepler (Borucki et al.
2011), already shows significant structure in the Mp-a diagram (Udry and Santos
2007). Major features of the diagram are:
• a clump of ∼Jupiter-mass planets at small radii (the so-called hot Jupiters),
• a large population of ∼10 Earth-mass planets in orbits with semimajor axis a ≈
0.03–0.5 AU, which could extend further outwards and to lower masses (the
so-called hot Neptunes and super Earths, e.g., Mayor et al. 2011),
• a population of giant planets from 1–5 AU,
• a relatively small number of giant planets in large orbits,
as well as several regions between these populations with seemingly fewer planets. It
is possible to explain some of these features with either the core accretion model or
disc instability model, but currently both models struggle to reproduce all the features
of the diagram (e.g., Ida and Lin 2008a; Boss 2011). The region above a ∼ 1 AU
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and below Mp ∼ 50M⊕ is currently inaccessible to RV, transit and direct imaging
surveys, and will likely remain so for some time due to the limitations of each survey
method. While GAIA astrometry may extend down to ∼30M⊕ at ∼2 AU (Casertano
et al. 2008), the only way to detect Earth-mass planets and below at such orbital radii
is via microlensing (e.g., Bennett and Rhie 1996).
5.1.2 Planetary microlensing
Microlensing occurs when the light from a distant, background source passes near
enough to an intervening mass, the lens, to be deflected by its gravitational field (Ein-
stein 1936). A single lens forms two unresolvable images, on opposite sides of the lens,
separated by an angle ∼2θE, where θE ∼ 0.5 mas is the angular Einstein radius (Liebes
1964). At the distance of the lens, typically ∼6–8 kpc, this corresponds to a physical
Einstein radius rE, which is of the order of 2–3 AU. As the source, lens and observer
move, the images move and their magnification changes, resulting in a characteristic
lightcurve, which brightens and fades symmetrically over a timescale ∼20 d (Paczyn´ski
1986). Each of the characteristic scales of a microlensing event (the angular and physi-
cal Einstein radii, and the event timescale) scale as the square root of the lensing mass.
However, the amplitude of the lightcurve is independent of mass, depending only on
the impact parameter u0, the closest projected approach between the source and lens in
units of θE.
Should the lensing object be a star with a planetary system, and if the light from the
source star passes near to one of the planets, then the gravitational field of the planet
will itself perturb the image and therefore the lightcurve (Mao and Paczyn´ski 1991;
Gould and Loeb 1992). The timescale of this perturbation will scale as the square
root of the planet mass, lasting typically of the order of a day for Jupiter-mass plan-
ets (Gould and Loeb 1992) and of the order of hours for Earth-mass planets (Bennett
and Rhie 1996). Similarly, the probability of a perturbation occurring scales roughly as
the square root of the planet mass, or more strictly, as the square root of the planet-host
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mass ratio q (Gould and Loeb 1992). This shallow sensitivity curve makes microlens-
ing ideal for detecting low-mass planets. The scaling breaks down at .Mars mass,
where finite-source effects begin to wash-out planetary signatures, even for main-
sequence source stars (Bennett and Rhie 2002). The sensitivity of microlensing to
planets is largest at projected semimajor axis a⊥ ∼ rE ∼ 2 AU, where the microlens-
ing images are most likely to be perturbed (Wambsganss 1997; Griest and Safizadeh
1998), but the sensitivity extends inwards to orbits with a⊥ ∼ 0.5 AU, and outwards to
infinity, through sensitivity to free-floating planets (Han et al. 2004; Sumi et al. 2011).
5.1.3 Infrared microlensing from space
Microlensing is a very rare phenomenon. Any given source star is microlensed at most
once every ∼105 years (Paczyn´ski 1986; Griest 1991) and the probability of a plane-
tary signature in each event is ∼1 percent (Mao and Paczyn´ski 1991; Gould and Loeb
1992). Therefore, in order to detect a statistically significant sample of planets, it is
necessary to monitor ∼108 stars with a cadence short enough to characterize plane-
tary perturbations lasting ∼hours (Tytler 1996). Due to its high stellar density and
optical depth, the Galactic bulge is the best target. Towards the bulge, extinction is a
significant problem in the optical, but from the ground is balanced by an equally prob-
lematic sky background in the infrared. From the ground, the extreme stellar crowding
and arcsecond-scale seeing, mean that only the giant star population can be properly
resolved (Bennett 2004). Therefore, in order to monitor enough source stars, ground-
based surveys must regularly observe ∼100 deg2 (Tytler 1996). Current and future
ground-based surveys (e.g., MOA-II, OGLE-IV, KMTNet, AST3, see Chapter 2) with
wide-field imagers will achieve suitable cadence over a large-enough area to routinely
detect large numbers of giant planets (should they exist is sufficient abundance), but
will not be able to monitor enough stars at the high-cadence necessary to detect Earth-
mass planets at a reasonable rate. For this reason, targeted follow-up of promising
microlensing events by large networks of small telescopes is used to achieve high ca-
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dence and continuous event coverage (see, e.g., Gould et al. 2010), and push the sensi-
tivity of ground-based microlensing firmly into the super-Earth regime (Beaulieu et al.
2006; Bennett et al. 2008). However, the follow-up networks only have the capacity to
observe ∼100 events per year or less with suitable cadence or coverage (Peale 2003).
This is sufficient to probe the mass function down to ∼5–10M⊕, and possibly the semi-
major axis distribution of planets above ∼50M⊕, but is unlikely to provide more than
isolated detections below these masses (Peale 2003; Bennett 2004; Dominik 2011).
Observations from space are able to overcome many of the problems facing ground-
based observers. A space telescope has better resolution due to the lack of atmosphere
and also a lower sky background, especially in the infrared. This means that with ap-
propriate instrumentation, a space telescope can resolve main-sequence sources in the
bulge and monitor the required ∼108 sources over a much smaller area. This in turn
allows high-cadence observations on a small number of fields (Bennett and Rhie 2002;
Bennett 2004). The fundamental requirements of a space telescope for a microlensing
survey are a wide field of view (& 0.5 deg2), with a small pixel scale. In order to min-
imize the effect of extinction towards the Galactic bulge, it must observe in the near
infrared. The telescope must also have a large enough collecting area to allow high-
precision photometry of main-sequence bulge stars in short exposure times. These are
almost exactly the same requirements as the type of telescope required to study dark
energy via a survey for weak gravitational lensing, baryon acoustic oscillations or su-
pernovae, each of which requires deep, high-resolution near-infrared images over a
wide field. Such synergy has long been recognized (Bennett and Rhie 2002).
5.1.4 Euclid
Euclid is an ESA M-class mission to investigate the nature of the accelerating universe
and dark matter (Laureijs et al. 2011). It will do this through measurements of weak
gravitational lensing (the small distortions to high-redshift galaxy images due to gravi-
tational lensing by the intervening mass distribution of the universe) and baryon acous-
168 SIMULATIONS OF GRAVITATIONAL MICROLENSING
5.2: MABµLS
tic oscillations (the clustering of galaxies on scales set by the decoupling of baryons
and relativistic matter in the early universe). Euclid will use a 1.2-m Korsch telescope
with a high-resolution optical imager (VIS) and a near infrared imaging spectrometer
(NISP), operating simultaneously to perform a 15 000-deg2 wide survey and 40-deg2
deep survey over six years to measure galaxy shapes and photometric and spectro-
scopic redshifts. VIS will observe with a wide optical band-pass covering R, I and Z,
and NISP will have available three infrared filters: Y , J and H. The spacecraft design
and survey strategy of Euclid means that for two months per year it cannot observe its
target fields and must observe within the Galaxy. A planetary microlensing survey can
utilize this available time (Beaulieu et al. 2010) and such a survey has been included as
an additional science programme in the Euclid Definition Study Report (Laureijs et al.
2011, hereafter Euclid red book).
Similar to Euclid is a proposed American mission, the Wide-Field InfraRed Survey
Telescope (WFIRST , Green et al. 2011). It too will probe the nature of dark energy, but
unlike Euclid, a 500-day microlensing survey is one of its primary science objectives.
5.2 The Manchester-Besanc¸on microLensing Simulator
(MaBµLS)
We have designed the Manchester-Besanc¸on microLensing Simulator (MaBµLS – pro-
nounced may-buls) to perform detailed simulations of multi-component microlensing
surveys, involving telescopes on the ground and in space, operating with different ob-
serving strategies. Ultimately, we aim to use the simulator to perform the following:
• feasibility studies and figure of merit calculations for proposed microlensing
surveys,
• optimization of observing strategies for current and future surveys,
• model-dependent detection efficiency calculations for survey data.
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Though in this chapter we only consider planetary microlensing, the simulator is an
all-purpose simulator, applicable to any Galactic microlensing phenomena.
MaBµLS is the first microlensing simulator to use a combination of a population
synthesis Galactic model with a realistic treatment of imaging photometry. This means
that every aspect of the simulation, including the event rate calculations, blending and
photometry are simulated self-consistently. The modular approach that we have taken
means that the type of events studied can be ‘switched-out’ easily, probably making
MaBµLS the most versatile microlensing simulator developed to date.
As described in Section 2.2, several key ingredients are needed in order to simulate
any microlensing survey. A simulator must draw its simulated events from a Galactic
model and distributions of the event parameters. It must simulate the observations of
the survey, and finally, it must also simulate the detection criteria used to select its
sample of events. It is also necessary to make a choice as to the complexity of the
microlensing model used to simulate events. For example, is the lens composed of
a single mass or multiple components? Are higher-order effects such as parallax and
orbital motion included? In the rest of this section we will discuss both how MaBµLS
implements each component of the simulation and the choice of parameters we use in
the simulation of the Euclid microlensing survey. Unless stated otherwise, we have
taken the survey parameters from the Euclid red book.
5.2.1 The Besanc¸on Galactic model
MaBµLS has been built with the intention of drawing microlensing events from the
Besanc¸on model (Robin and Creze 1986; Robin et al. 2003), a population synthesis
model of the Galaxy, though in principle MaBµLS can use any Galactic model that can
produce similar outputs to that of the Besanc¸on model.
The Besanc¸on model (Robin and Creze 1986; Robin et al. 2003) is a population
synthesis model designed to model Galactic formation, structure and evolution using
constraints from observational data such as star counts and kinematics. It contains four
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stellar populations, a spheroid (stellar halo), a barred bulge, and thin and thick discs.
The stars of each population are formed from gas, assuming a star formation history
and initial mass function (IMF). The stars then evolve along evolutionary tracks to
reach their present-day state (Haywood et al. 1997). The evolutionary model deter-
mines the distribution of stellar parameters, which are converted to colours and mag-
nitudes using stellar atmosphere models. The spatio-kinematic distribution of the disc
stars is determined by integration of a self-consistent gravitational model using the
Poisson and Boltzmann equations. Finally, the observed colours and magnitudes are
determined using a three-dimensional dust model (Marshall et al. 2006). A limited
number of model parameters are then optimized to reproduce observed star counts and
kinematics. The output of the model is a list of stars with known properties that are
selected by colour and magnitude in small fields surrounding a chosen line-of-sight.
The Besanc¸on model is in constant development (e.g., Robin et al. 2011, submit-
ted). In this work we use version 1106 of the Besanc¸on model, though an updated
version of the model has been released since. In subsequent models, the properties of
the bar (see below) change significantly from those we use here.
The stellar halo
The stellar halo is modelled as being formed by a single burst of star formation at
14 Gyr, with metallicity [Fe/H] = −1.78. It has a triaxial velocity distribution with
dispersions (σU , σV , σW) = (131, 106, 85) km s−1. Its density is small near the Galactic
center and so contributes only marginally to the optical depth and microlensing event
rate.
The bulge
The bulge, altered from that used by Kerins et al. (2009), consists of a boxy triaxial
distribution, similar to that described by Picaud and Robin (2004), but with a Gaussian
density law as opposed to a Freudenreich (1998) sech2 law (Robin et al. 2011). The
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major axis of the triaxial structure lies at an angle of 12.5◦ relative to the Sun–Galactic
centre line of sight and has scale lengths (X,Y,Z) = (1.63, 0.51, 0.39) kpc, where the
X direction is parallel to the major axis and the X and Y axes lie in the Galactic plane.
This is truncated at a Galactocentric radius of 2.67 kpc. The bulge rotates as a solid
body with a speed 40 km s−1 kpc−1. The velocity dispersions in the bulge along the
axes defined above are (113, 115, 100) km s−1. The central stellar mass density of the
bulge, excluding the central black hole and clusters, is 19.6 × 109M⊙ kpc−3.
Embedded within the bulge is also an elongated bar (Robin et al. 2011). However,
in the version of the model we use here, its density is smaller by ∼10−4 times that of
the bulge, so we do not describe it further.
The stellar population of the bulge is assumed to form in a single burst 7.9 Gyr
ago (Picaud and Robin 2004), following Girardi et al. (2002). The bulge IMF (dN/dM)
scales as M−1 below 0.7M⊙ and follows a Salpeter slope above this. The population
has a mean metallicity [Fe/H]= 0.0 with dispersion 0.2 and no metallicity gradient.
The stellar luminosities are calculated using Padova isochrones (Girardi et al. 2002).
The thick disc
The thick disc is modelled by a single burst of star formation at 11 Gyr. Its properties
have been constrained using star counts by Reyle´ and Robin (2001). The thick disc
contributes only marginally to the microlensing event rate, so we do not describe it in
detail. Its parameters are described by Robin et al. (2003).
The thin disc
The thin disc is assumed to have an age of 10 Gyr, over which star formation occurs
at a constant rate. Stars are formed with a two-slope IMF that scales as a power-law
M−1.6 below 1M⊙ and M−3 above, based on the Hipparchos luminosity function (e.g.,
Haywood et al. 1997), with updates described by Robin et al. (2003). Stars below
1M⊙ follow the evolutionary tracks of VandenBerg et al. (2006), while those above
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follow Schaller et al. (1992) tracks. The thin disc follows an Einasto (1979) den-
sity profile with a central hole. The density normalization, kinematics and metallicity
distribution of the disc depend on stellar age, with seven age ranges defined, whose
parameters are given by Robin et al. (2003). The Solar velocity is (U⊙,V⊙,W⊙) =
(10.3, 6.3, 5.9) km s−1, with respect to the local standard of rest VLSR = 226 km s−1.
The disc has a scale length 2.36 kpc, and the hole has a scale length 1.31 kpc, except
for the youngest disc component which has disc and hole scale lengths of 5 kpc and
3 kpc, respectively. The disc is truncated at 14.0 kpc. The scale height of the disc
is computed self-consistently using the Galactic potential via the Boltzmann equation
as described by Bienayme et al. (1987). Also modelled in the disc are its warp and
flare (Reyle´ et al. 2009).
Extinction
Extinction is computed using a three-dimensional dust distribution model of the inner
Galaxy (|ℓ| < 100◦, |b| < 10◦), built by Marshall et al. (2006) from analysis of 2MASS
data (Cutri et al. 2003) using the Besanc¸on model. Marshall et al. (2006) did this
by comparing observed, reddened stars to unreddened simulated stars drawn from the
Besanc¸on model. From this the extinction as a function of distance along a given line
of sight is computed by minimizing χ2 between observed and simulated J − Ks colour
distributions. The resulting map has a ∼15-arcmin resolution in ℓ and b, and a distance
resolution ∼0.1–0.5 kpc, resulting from a compromise between angular and distance
resolution.
Other components
The Besanc¸on model also takes account of other Galactic components, including the
mass due to the dark matter halo and interstellar medium. The details of these compo-
nents are given by Robin et al. (2003). White dwarfs are included in the model sep-
arately to normal stars, with separate densities and luminosity functions determined
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from observational constraints (Robin et al. 2003, and references therein). The evolu-
tionary tracks and atmosphere models of Bergeron et al. (1995) and Chabrier (1999)
are used to compute their colours and magnitudes.
Microlensing with the Besanc¸on model
Following the method of Kerins et al. (2009), MaBµLS uses two star lists output by
the Besanc¸on simulation to construct catalogues of possible microlensing events and
calculate their properties. The first list, the source list, is drawn from the Besanc¸on
model using a single magnitude cut in the primary observing band of the survey. A
second list, the lens list, is drawn from the model without a magnitude cut. Both
source and lens lists are truncated at a distance of 15 kpc to improve the statistics of
nearer lenses and sources that are much more likely to be lensed/lensing.
Overall microlensing event rates are calculated along multiple lines of sight, with
spacings set by the resolution of the Marshall et al. (2006) dust map. The total rate due
to each pair of source and lens lists, about the line-of-sight (ℓ, b), is
Γ(ℓ, b) = Ωlos
δΩs
Sources∑  1δΩl
Lenses∑
Dl<Ds
2θEµrel
 , (5.1)
where Ωlos is the solid angle covered by a dust-map resolution-element, and δΩs and
δΩl are the solid angles over which the source and lens catalogues are selected, re-
spectively. The rate is calculated over the all possible source-lens pairs to minimize
the noise of counting statistics. The inner sum over the lenses is related to the opti-
cal depth integral of Equation 2.1, which is a line integral over physical quantities (in
this case rEvt, the product of the physical Einstein radius and the relative lens-source
velocity). However, the lens catalogue is selected from a beam and so the quantities
must be weighted by a factor 1/D2l to counteract the increasing volume of an element
along the beam; the integrand then becomes θEµrel, the angular counterparts of rE and
vt, where µrel is the relative lens-source proper motion. The total event rates are then
stored for later use.
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To simulate microlensing, MaBµLS draws sources and lenses from their respective
lists with replacement, requiring the source be more distant than the lens. From the
source and lens parameters, the Einstein radius and timescale are computed, as well as
the rate weighting assigned to the event
γ = u0maxθEµrel, (5.2)
where u0max is the maximum impact parameter of the event; how u0max is determined
is discussed in the following sections. Events are simulated and those that pass the
detection criteria are flagged. The rate of detections in a given dust-map element is
the sum of the weights of detected events normalized to the sum of the rate weightings
for all the simulated events – this is essentially a detection efficiency. The detection
efficiency is then multiplied by the total line-of-sight rate computed in Equation 5.1
to yield the expected detection rate for 0.25 × 0.25 deg2, the size of the dust-map
element. These rates are then summed over all the dust-map elements to yield the total
simulation event rate.
5.2.2 The microlensing events
MaBµLS uses user-supplied functions to compute microlensing lightcurves including
any effects that the user wants to model. For this work we modelled only planetary
lens systems composed of a single planet orbiting a single host star. As we want to
investigate the planet detection capability of Euclid as a function of planet mass Mp and
semimajor axis a, we chose to simulate systems with various fixed values of planetary
mass and semimajor axis distributed logarithmically in the range 0.03 < a < 30 AU.
We assume a circular planetary orbit that is inclined randomly to the line of sight. The
orbital phase at the time of the event is again random; at this stage we do not model
the effects of orbital motion in the lens. The impact parameter and angle of the source
trajectory are distributed randomly, with the impact parameter in the range u0 = 0–
u0max.
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The maximum impact parameter u0max is chosen such that, if the lens were sin-
gle, the total flux at the event peak (of the magnified source and any nearby blend)
would be at least a factor of 0.0125 larger than the total flux at baseline, regardless of
whether such an increase is observable.2 So, if the source is heavily blended in the
primary band, the minimum peak magnification required is larger, and u0max conse-
quently smaller. This condition is necessary to ensure that time is not spent simulating
microlensing events that would never be detected, but comes at the cost of missing
some fraction of planet detections where the primary lensing event would not be seen,
but lensing by a planet would be. These missed events would be classified as isolated
or free-floating planet detections, which can be simulated separately with MaBµLS.
We do not simulate free-floating planets observed by Euclid here, but will do so in the
near future.
The planetary microlensing lightcurves are computed assuming that the source has
a uniform intensity profile (in other words, no limb darkening). The finite-source mag-
nification is computed using the hexadecapole approximation when finite-source ef-
fects are small (Pejcha and Heyrovsky´ 2009; Gould 2008) and the contouring method
when they are not (Gould and Gaucherel 1997; Dominik 1998a). Finite-source effects
are accounted for in single-lens lightcurve calculations using the method of Witt and
Mao (1994). When fitting lightcurves with the single-lens model, we use a finite-source
single-lens model if the impact parameter u0 < 2ρ∗, where ρ∗ is the ratio of angular
source radius to the angular Einstein radius. Otherwise the point-source single-lens
model is used.
5.2.3 Euclid observing strategy
The observing strategy governs the way that each telescope and instrument observe the
survey fields, including the exposure times, stacking and dithering of images, and visit
2This corresponds to u0max = 3 for an unblended source. The calculation is done in the primary
observing pass-band.
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patterns. MaBµLS allows fine control of the time budget through user-defined observ-
ing sequences, taking account of the time required for dithering and readout between
the images of a stack, and allowing for differing amounts of dead-time between each
new field pointing. For ground-based observatories, down-time due to bad weather,
or any other cause, is included through nightly bad weather probabilities, and obser-
vations are only simulated after astronomical twilight and when the moon is not too
close a target field.
For the Euclid simulation, we assume that most of the observations will be taken in
the primary observing band, while colour information will be obtained by one obser-
vation of each field every 12 hours in each of the three auxiliary bands. While Euclid’s
VIS and NISP instruments are designed to image simultaneously, we assume that only
one instrument images at any one time, in order to be conservative. This also allows for
the possibility that the down-link bandwidth is not sufficient to download simultaneous
imaging data.
In order to achieve a cadence of less than 20 min, the survey we simulate targets
3 fields of ∼0.5 deg2 with a total exposure of 270 s per pointing, split into stacks of
3 (Y- and J-band) or 5 (H-band) exposures with NISP. We assume that there is 5 s of
dead time between the exposures of a stack. The VIS instrument observations consist
of a single 540-s exposure. We assume a slew and settle time of 85 s, according to
a space-craft design using reaction wheels (Euclid red book). We assume that any
readout, filter wheel rotation and data down-link is performed during slewing. Some
of these parameters are summarized in Tables 5.1 and 5.2 below. We simulate a survey
by Euclid of 300 days, spread over 5 years in seasons lasting 60 days.
5.2.4 Photometry
MaBµLS simulates optimal crowded field photometry (CFP) by simulating images of
crowded fields and counting flux in a small aperture centred on the source. We sub-
tract the background, assuming it to be perfectly known. While aperture photometry
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performs poorly in real CFP applications, the main reason for this is the lack of good
measurements of the background in crowded fields. By assuming a perfectly known
background, we are effectively simulating the performance of PSF fitting (Stetson
1987; Schechter et al. 1993) or difference imaging analysis (DIA) photometry (Alard
2000; Woz´niak 2000; Bramich 2008), both of which fit for the background over a large
area of the image. The possible optimism of the background subtraction should be
offset by the remaining deficiencies of standard aperture photometry, which remains
sub-optimal even if the background is perfectly known. For example, photometric
scatter can be reduced by using an optimized aperture (Naylor 1998) or by PSF fit-
ting (Schechter et al. 1993). The latter technique should be especially effective for data
from Euclid’s VIS instrument, as weak lensing measurements require that the PSF be
extremely well characterized over the entire instrument field of view (Euclid red book).
MaBµLS can also include the effect of systematic photometry errors to a limited
degree. One such source of systematic errors is sub-pixel pointing errors, which can be
significant in under-sampled images. The sub-pixel shifts can be added to the simulated
images at each epoch or the size of the error bar estimated from ideal simulations.
However, the inclusion of these errors is optional, as they can be corrected for with
accurate pointing data; we do not include them in the Euclid simulations, assuming that
accurate telemetry will be available. We assume that errors due to small movements
of the telescope during exposures (jitter) are accounted for in the PSF. Other possible
sources of systematic errors can be added to the photometric error simply as a fractional
error in quadrature. We assume a fractional systematic error of 0.003.
The simulated images themselves are constructed using star lists from the Besanc¸on
model. Stars are added to each image and kept track of so that they can be added to
images of the same source taken with different filters, instruments or telescopes. In
this way we account for blending in a manner that is fully consistent across all bands
and instruments. In fact, several star lists are used for each field; each list covers a
different set of non-overlapping magnitude ranges in order to minimize the effects of
small-number statistics on rarer bright stars. The stars are added using either a user-
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Table 5.1 – Parameters of the Euclid telescope. All parameter values have been drawn from the
Euclid red book.
Telescope parameters
Diameter (m) 1.2
Central blockage (m) 0.4
Slew + settle time (s) 85
defined PSF function or a numerical PSF model, each of which is integrated over the
detector pixels. As the star lists used to generate images cover all magnitudes, they
take account of the diffuse background due to unresolved stars. A background due to
other diffuse sources, such as zodiacal light and night-sky brightness, is also added
and can be varied between exposures. Finally, light due to the source and lens stars
is added. Time series photometry is performed by repeatedly replacing the variable
source in each new image.
The number counts that are recorded by the detector in a given pixel are determined
by a set of detector parameters, all of which are user-defined. These parameters are
listed in Table 5.2, where their values for the various Euclid instruments and bands are
also listed. We note the following about the parameters listed in the table:
• The zero-point is the AB magnitude of a point source, which would cause one
count s−1 in the detector, after all telescope and instrument inefficiencies have
been accounted for. The Euclid zero-points assume end-of-life instrument per-
formance (M. Cropper, G. Seidel, private communication).
• We distinguish between dark current and thermal background. The dark current
is the rate of counts induced by thermal sources within the detector pixels, and
is independent of the observing band. The thermal background is the count rate
due to thermal photons emitted by all components of the spacecraft that hit the
detector.
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Table 5.2 – Parameters of the Euclid detectors. Unless footnoted, all parameter values have
been drawn from the Euclid red book. Where necessary parameters are explained in the text.
Detector parameters
Instrument VIS NISP
Filter RIZ Y J H
Size (pixels) 24k × 24k 8k × 8k
Pixel scale (arcsec) 0.1 0.3
PSF FWHM (arcsec) 0.18 0.3∗ 0.36∗ 0.45∗
Bias level (e−) 380† 380†
Full well depth (e−) 216 216
Zero-point (ABmag) 25.58⋆ 24.25⋆⋆ 24.29⋆⋆ 24.92⋆⋆
Readout noise (e−) 4.5 7.5∗ 7.5∗ 9.1∗
Thermal background (e− s−1) 0 0.26 0.02 0.02
Dark current (e− s−1) 0.00056⋄ 0.1∗
Systematic error 0.003† 0.003†
Diffuse background (ABmag arcsec−2) 21.5‡ 21.3‡ 21.3‡ 21.4‡
Exposure time (s) 540 90 90 54
Images per stack 1 3 3 5
Readout time (s) < 85 5†
∗Schweitzer et al. (2010). The readout noise depends on the number of non-destructive reads; see text
for further details.
†Assumed in this work.
⋆M. Cropper, private communication.
⋆⋆G. Seidel, private communication.
⋄CCD203-82 data sheet, issue 2, 2007. e2v technologies, Elmsford, NY, USA.
‡Calculated based on field locations, taking values for the zodiacal background from Leinert et al.
(1998), and assuming an extra 0.2 magnitudes from other sources such as scattered light.
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• For the Euclid simulations, we assume that the diffuse background is due primar-
ily to zodiacal light but that there is also an additional diffuse background with
20 percent of the intensity of the zodiacal light, which accounts for all other
sources of diffuse background. The zodiacal light background is calculated for
each band using data given by Leinert et al. (1998).
• The VIS RIZ- and NISP Y-bands are not included in the Besanc¸on model, so we
assume that the AB magnitude of a star in the RIZ-band is the average of its R
and I AB magnitudes, and similarly we assume that the Y-band magnitude is the
average of I and J.
Should a pixel within the photometry aperture saturate, the data point is flagged
and is not included in the subsequent analysis. We do not yet include the effects of
cosmic rays in the images, but will in future versions of MaBµLS. For the Euclid simu-
lations, cosmic rays will only significantly affect observations with the VIS instrument,
because the NISP instrument, made up of infrared arrays, will use up-the-ramp fitting
with non-destructive reads (Fixsen et al. 2000) to reduce readout noise and correct de-
tector nonlinearities (Schweitzer et al. 2010; Beletic et al. 2008). As a consequence of
the multiple reads, up-the-ramp fitting mitigates against data loss due to cosmic rays
and saturation. In order to ensure conservatism, we assume data with saturated pixels
is lost completely. Currently we simulate the NISP instrument as a conventional CCD,
but with variable read-noise determined by a fundamental read-noise (13 e−) and the
number of non-destructive reads during an exposure, which we assume occur at a con-
stant rate of once every ∼5 s (Schweitzer et al. 2010). A more realistic simulation of
the performance of imaging photometry with up-the-ramp fitting will be included in
a future version of the simulator. We do not simulate the more complicated effects of
charge smearing (see, e.g., Cropper et al. 2010) and ghosts from bright stars.
For the Euclid simulations we use numerical PSFs computed for each instrument
and each band. The NISP PSFs are computed near the edge of the detector field of view
and include the effect of jitter and instrument optics in the worst case scenario (G. Sei-
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NISP H NISP J NISP Y VIS RIZ
Figure 5.2 – Top left: Example of a simulated false-colour composite image of a typical star-
field from the Euclid MaBµLS simulation, with colours assigned as red–NISP H, green–NISP
J and blue–VIS RIZ, each with a logarithmic stretch. The light green box surrounds the region
that is shown zoomed-in in lower panels. The image covers 77 × 77 arcsec, equivalent to 1/64
of a single NISP detector, of which there are 16. These are shown to the right. Top right:
Approximate representation of the NISP instrument ‘paw-print’. The white areas show active
detector regions, while black areas show the gaps between detectors. In the corner of one of the
detectors is shown the size of a simulated image relative to the detectors. (Caption continued
on next page)
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Figure 5.2 – (Continued) Bottom panels: The bottom panels show a small image region sur-
rounding a microlensing event (located at the center), the top row showing images at baseline
and the bottom row showing images at peak magnification µ = 224. Panels from right to left
show NISP H, J, Y , and VIS RIZ images, respectively. The small red box shows the aperture
that was used to compute photometry in the NISP images; the VIS aperture is a similar size but
different shape. At peak, the event saturates in both NISP H and VIS RIZ images, but not in
NISP J and Y images.
del, private communication). The VIS PSF is similarly computed (M. Cropper, private
communication). Figure 5.2 shows an example of a simulated, colour-composite im-
age of a field with a microlensing event at its centre. The brighter stars in the image
are red-clump giants in the bulge, except for those which are distinctly bluer/whiter,
which are ∼F-stars in the disc. The fainter, resolved stars are turn-off and upper-main-
sequence stars in the bulge. The figure also shows an approximate representation of
the scale of the NISP instrument, which is constructed from 4 × 4 HgCdTe infrared
arrays, each of 2048 × 2048 pixels covering 10× 10 arcmin, for a total detector area of
0.47 deg2; the gaps between detectors are approximately to scale. We do not include
these gaps in the simulation and assume the instrument is a single 8192 × 8192-pixel
detector. The lower section of Figure 5.2 shows a set of zoomed-in image sections,
centered on the microlensing event at peak and at baseline, in each of the NISP and
VIS bands. Note the diffraction spikes and Airy rings in the VIS images, especially
those due to the bright star just out of frame below center; spikes due to the out-of-
frame star can just about be made out in the NISP images also. Such spikes and rings
can significantly affect photometry of faint sources. Figure 5.3 shows the lightcurve
of the simulated event that occurs in the example image, including the points that are
lost to saturation. The event peaks at magnification µ = 224 and saturates over the
peak in both H-band and VIS images, but not in J- and Y-band images. For the sake
of computational efficiency only a small image segment, just bigger than the largest
aperture, is simulated in standard operation.
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Figure 5.3 – Lightcurve of the simulated event shown in Figure 5.2, with all fluxes scaled to
H-band. Grey, red, green and blue show data from NISP H, J, Y and VIS RIZ, respectively.
Saturated H-band data points are shown in black, and saturated RIZ-band data points are shown
in light blue. The event reaches a peak magnification of ∼224, but the normalized flux only
increases by a factor of ∼12 because the source (H = 20.3) is blended with a brighter star
at the edge of the aperture and a much brighter star ∼5 NISP-pixels away, as well as the lens
(H = 21.6) and fainter stars. At baseline, the source contributes just 5 percent of the total flux.
Some of the event parameters are shown above the figure: Ml is the host-star mass; ∆χ2 is
introduced in the next section.
5.2.5 Planet detections
To determine whether a planet is detected in a microlensing event we use a simple ∆χ2
test, where ∆χ2 is the difference in χ2 between the best-fitting single-lens model and
the best-fitting planetary model, which we assume to be the true underlying model that
was used to simulate the event. We require that ∆χ2 > 160, which corresponds to a
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σ > 12.6 detection of the planet. We choose this value in order to aid comparison with
other simulations (Bennett and Rhie 2002, Gaudi et al., unpublished). ∆χ2 > 160 is
also the value adopted by the WFIRST science definition team for their calculations
of the exoplanet figure of merit (Green et al. 2011). In Appendix A we show that this
choice is conservative with regards to the comparison between single and planetary
models, but also argue that this may not be the case for the exclusion of possible false
positives.
In order to allow fair comparisons between the different bands that Euclid can
observe in, we also require that the contribution to ∆χ2 from the primary observing
band is at least half of the total. This condition ensures that the primary band provides
most of the information about the planet and excludes events where a planet is detected
but most of the data is lost (due to saturation, for example).
Figure 5.4 shows some example lightcurves from the simulation. The lightcurves
show planet detections with varying degrees of significance, ranging from a detection
that barely passed the cut (lightcurve (a), ∆χ2 = 168) to a very significant detection
(lightcurve (e), ∆χ2 = 1327). Note however, that many events will have much higher
∆χ2 than this, up to ∆χ2 ≈ 106–7. The example lightcurves also cover a range of host
and planet masses; the event with the lowest-mass planet is event (e), which has a
planet mass Mp = 0.03M⊕ and is strongly detected with ∆χ2 = 1327. Note that due to
a small bug in the observation scheduling module of MaBµLS, observations in Y and
RIZ start and finish a day late. This should not significantly affect the results, but will
be corrected in future versions of the simulator.
5.3 Expected yields
In this section we discuss preliminary results from our application of the MaBµLS sim-
ulator to the Euclid mission. Unless otherwise noted, we present the results assuming
that each lens star in the simulation is orbited by a single planet of mass Mp with
semimajor axis in the range 0.03 < a < 30 AU.
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Figure 5.4 – Example lightcurves from the MaBµLS simulation of Euclid, continued on later
pages. Only 1 season of data is shown for each lightcurve. Error bars show the 1-σ photometric
uncertainty, but data points are not scattered for clarity. Moving sequentially from (a) to (e)
the ∆χ2 for each lightcurve increases. Lightcurve (a) is only just classified as a detection with
∆χ2 = 168. Some event parameters are shown above each plot, including the planet mass. The
planet masses range from Mp = 0.03M⊕ for (e) (which has the highest ∆χ2 of these examples)
to Mp = 100M⊕ for (a). In all cases except (b) the inset shows a small region of the lightcurve
around the planetary deviation; for (b) the 1-season lightcurve is shown in the inset.
Figure 5.5 shows the expected number of planet detections Ndet plotted against
planet mass, using our default assumption that there is one planet of mass Mp and
semimajor axis 0.03 < a < 30 AU per star. The value that is actually plotted on the
y-axis, Ndet/ f (Mp), takes into account our ignorance of the planetary mass function
f (Mp). In all plots, except Figures 5.6 and 5.7, f (Mp) is defined to be the expected
number of planets of mass Mp orbiting a star with semimajor axis 0.03 < a < 30 AU;
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Figure 5.4 – Continued.
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Figure 5.4 – Continued.
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Figure 5.5 – Number of planets detected in a 300-day survey by Euclid, plotted against planet
mass Mp, assuming one planet of mass Mp per star with semimajor axis 0.03 ≤ a < 30 AU.
The solid line shows the yield for a survey with H as the primary band and the dashed line
shows the yield for a survey with J as the primary band. The masses of Solar System planets
are indicated by letters.
the mass functions used in the other figures will be described in due course. The
error bars on all plots show the uncertainty due to the finite number of events that we
simulate. This does not include a ∼5-percent systematic uncertainty resulting from the
calculation of the overall event rate using source and lens catalogues. Neither does
it include any contribution to the error due to uncertainties in the Besanc¸on model
parameters or models. This implies that the prediction of the total expected yield
contains significant uncertainty, but that comparisons between simulations should be
good to the errors quoted.
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The plot in Figure 5.5 shows results of simulations with the primary observing
bands, H and J. Of the bands available to Euclid, the H-band is the most effective band
with which to perform a planetary microlensing survey, with yields ∼50 percent higher
than those expected for the J-band. Should our default assumptions apply, a 10-month
microlensing survey by Euclid, primarily observing in H-band, should be expected
to detect ∼200 Jupiter-mass planets, ∼110 Saturn-mass planets, ∼40 Neptune-mass
planets, ∼6 Earth-mass planets and ∼0.75 Mars-mass planets. Euclid can detect planets
with masses less than Mars mass, but with low efficiency.
Recent measurements of planet abundances using several techniques have shown
that our default assumptions about the abundance of planets are quite unrealistic. Mul-
tiple studies have suggested that the number of planets increases with decreasing planet
mass (Cumming et al. 2008; Johnson et al. 2010; Sumi et al. 2010; Howard et al. 2011;
Mayor et al. 2011) and that planets are not distributed logarithmically in semimajor
axis (Cumming et al. 2008). This picture is also supported by planet population syn-
thesis models (Mordasini et al. 2009a,b; Ida and Lin 2008b). In Figure 5.6 we attempt
to improve our yield estimates by using a simple two-parameter power-law planetary
mass function
f (Mp) ≡ d
2N
d log Mpd log a
= f•
(
Mp
M•
)α
, (5.3)
where f (Mp) is now the number of planets of mass Mp per decade of planet mass per
decade of semimajor axis per star and where f• is the planet abundance (in dex−2 star−1)
at some mass M• about which the mass function pivots. Here, α is the slope of the mass
function, with negative values implying increasing planetary abundance with decreas-
ing planetary mass. For simplicity, and because there are no measurements of the slope
of the planetary semimajor axis distributions in the regime probed by microlensing, we
assume that dN/d log a is constant.
We use two estimates of the mass-function parameters based on measurements
made using both RV and microlensing data sets. The first, more conservative mass
function (in terms of the yield of low-mass planets) uses the mass-function slope
α = −0.31 ± 0.20 measured by Cumming et al. (2008) from planets with periods
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Figure 5.6 – Predictions of the planet yield based on recent estimates of the planet abundance
and planet-mass distribution. The solid line shows our default logarithmic prior of one planet
per decade of mass and semimajor axis per star. The dashed line (labelled RV) shows the ex-
pected yield using an extrapolation of the mass-function slope measured by Cumming et al.
(2008) using RV data combined with a normalization measured by Gould et al. (2010) from
microlensing data. The dot-dashed line (labelled µL) shows the expected yield using the same
Gould et al. (2010) normalization, but using a mass-function slope measured by Sumi et al.
(2010) from microlensing data. The circle shows the point about which the empirical mass
functions are pivoted, while the grey shaded region shows the region enclosed when the pa-
rameters f• and α are changed by 1σ from both the RV and microlensing mass-function pa-
rameters. More details are given in the text. The masses of Solar System planets are denoted
by letters.
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in the range T = 2–2000 d, detected via radial velocities. For the normalization we
use f• = 0.36 ± 0.15 at M• ≈ 80M⊕, measured by Gould et al. (2010) from high-
magnification microlensing events observed by MicroFUN. Gould et al. (2010) argue
that this value is consistent with the abundance and semimajor axis distribution mea-
sured by Cumming et al. (2008), extrapolated to orbits with a ≈ 2.5 AU. We note
that the host stars studied by Cumming et al. (2008) typically have higher masses than
those that are probed by microlensing. We call the combination of the Cumming et al.
(2008) slope and Gould et al. (2010) normalization, the RV mass function. The second
mass function we consider uses the same Gould et al. (2010) normalization, but a slope
α = 0.68±0.20 measured by Sumi et al. (2010) from 10 microlensing planet detections
and assuming a reasonable detection efficiency as a function of planet mass. We call
this the microlensing mass function.
Figure 5.6 plots the yields that would be expected for three mass functions: the
two determined empirically and described above, and for comparison, our default as-
sumption of a logarithmic mass function (α = 0) with one planet per 3 decades of a
( f• = 1/3 dex−2 star−1 at any value of M•). The shaded regions in the plot enclose the
range of expected yields possible within 1σ of all the input mass-function parameters
(e.g., −0.88 < α < −0.11; the 1-σ upper limit of the RV slope nearly coincides with
the 1-σ lower limit of the microlensing slope, so the degree of uncertainty essentially
covers the entire range).
Perhaps the most important thing that Figure 5.6 highlights is the degree of un-
certainty that is involved in predicting the yields of planet surveys. There remain a
number of sources of uncertainty we have not considered, such as that from the choice
of semimajor axis distribution. Even at the pivot point of the mass functions, anchored
by measurements at Mp ≈ 100M⊕, the uncertainty in expected yield is a factor of
three. At low planet masses the uncertainty is greater than three orders of magnitude.
It seems reasonable, however, to assume that the planet abundance increases to-
wards lower masses. If this is indeed the case, the expected yield of low-mass planets
will exceed that of our default assumptions, possibly by an order of magnitude or more.
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We choose to continue using the default assumptions throughout the rest of the chapter
in order to remain conservative. This conservatism is appropriate as we have to extrap-
olate the empirical mass functions over a significant range. However, should the em-
pirical mass functions be correct, planet yields will be sufficient for the measurement
of abundance statistics down to Mars mass (0.1M⊕) or Mercury mass (0.05M⊕) for
the RV and microlensing mass-function parameters, respectively. The negative slope
of the mass functions does imply lower yields for planets with masses larger than the
pivot mass, but even the steep slope of the microlensing mass function predicts yields
greater than 10 dex−2 planets over the entire planetary mass regime (Mp < 13MJupiter).
In fact, the mass-function slope measured through microlensing almost exactly cancels
the detection efficiency slope, leaving a relatively flat yield curve above Mars mass,
which peaks at Earth mass with Ndet ≈ 120 dex−2. This number means that Euclid
would detect approximately 60 planets with mass in the range Mp = 0.56–1.8M⊕ (half
a decade surrounding Mp = 1M⊕) and semimajor axis in the range a = 1–10 AU, if
this mass function were assumed.
5.3.1 The Mp–a diagram
We have discussed the ability of our simulated survey to probe the planetary mass
function, but a perhaps more important goal of such a survey is to explore the planet
mass–semimajor axis (Mp-a) plane where planet formation models predict a lot of
structure (e.g., Ida and Lin 2004; Mordasini et al. 2009a). Figure 5.7 plots contours
of planet detection yields for the simulated survey in the Mp-a plane, assuming there
is one planet per host at a given point in the plane. The positions of planet detec-
tions to date, by all detection methods (RV, transits, direct detection, timing and mi-
crolensing) are also shown, as well as candidate planets detected by Kepler (Borucki
et al. 2011), which have been plotted by assuming the planetary mass-radius relation,
Mp = (Rp/R⊕)2.06M⊕, which is used by Lissauer et al. (2011). It is clear that mi-
crolensing surveys probe a different region of the Mp-a plane to all other detection
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Figure 5.7 – Red lines show the expected yield of a 300-day Euclid survey with 60 days of
observations per year, plotted against planet mass and semimajor axis, assuming one planet
per star at each point in the planet mass–semimajor axis plane. The grey points show planets
detected by all methods up to 17th October 2011 (Schneider et al. 2011), and light blue points
show candidate planets from the Kepler mission, with masses calculated using the mass-radius
relation of Lissauer et al. (2011). The red points show planets detected via microlensing to
date.
methods, covering planets in orbits ∼0.3–10 AU. The peak sensitivity of the simulated
Euclid survey is at a semimajor axis a ≈ 2–3 AU, in good agreement with previous
simulations of space-based microlensing surveys (Bennett and Rhie 2002, Gaudi et
al., unpublished). The planets Euclid is sensitive to lie in wider orbits than those de-
tectable by Kepler, and stretch to much lower masses than can be detected by RV in
this semimajor axis range, reaching down to Mars mass. The range of semimajor axis
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Figure 5.8 – Predictions of the planet yield as a function of semimajor axis a.
probed by Euclid decreases with decreasing mass, from ∼0.3 to more than 20 AU for
Jupiter-mass planets, down to ∼1–10 AU for Earth-mass planets and ∼1.5–4 AU for
Mars-mass planets. There will be a significant degree of overlap between Euclid and
full-mission Kepler detections at separations 0.3 . a . 1 AU. Similarly, at masses
larger than Mp & 50M⊕, there will be overlap with RV surveys over a wide range
of semimajor axes. Both overlaps will facilitate comparisons between the data sets of
each technique. It should be noted however, that the host populations probed by each
technique are different, as we will see in the next section.
Figure 5.8 plots the expected yields for various planet masses as a function of
semimajor axis a, using our default assumptions. The peak sensitivity of Euclid is
to planets with semimajor axis a ≈ 2–3 AU. The sensitivity is within an order of
magnitude of the peak in the range 0.5 . a . 20 AU. Should the mass function of
MATTHEW T. PENNY 195
5: MABµLS AND ITS APPLICATION TO EUCLID
0.0001
0.001
0.01
0.1
1
10
100
0 2 4 6 8 10 12 14 16
N
d
e
t
/
f
(M
p
=
1
0
0
M
⊕
)
Dl,s/kpc
Lens distance
Source distance
Bulge
Thin disc
Figure 5.9 – Predictions of the 100-M⊕ planet yield as a function of lens (solid lines) and
source (dashed line) distances, Dl and Ds, respectively. The red and green lines show the con-
tributions due to bulge and thin disc lenses, respectively; thick disc and halo lenses contribute
the remainder, which is small.
planets resemble the microlensing mass function we use in Figure 5.6, each of the
curves shown in Figure 5.8 would lie somewhere between the curves for 10-M⊕ and
100-M⊕ planets, suggesting that it would be possible to measure the semimajor axis
distribution over the range 0.3 . a . 30 AU for planets down to Earth or possibly
even Mars mass.
5.3.2 The host-star populations
Figure 5.9 plots the distribution of 100-M⊕ planet detections as a function of lens
and source distances, Dl and Ds, respectively. The contribution of thin-disc and bulge
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populations to the yields is also plotted. Thick disc and stellar halo lens yields have
not been plotted as at no point are they dominant. However, near the Galactic centre
it should be noted that stellar halo lenses have a higher yield than the thin disc due
to the disc hole (see Section 5.2.1). Most of the host stars are near-side bulge stars
between 5.5 < Dl < 8 kpc. Beyond this, the number of lenses with detected planets
drops-off exponentially with increasing distance, dropping by four orders of magnitude
from Dl ∼ 9 to 15 kpc. The steepness of this fall is partly caused by the truncation
of the source distribution at 15 kpc. Though the majority of lenses are in the bulge,
a substantial number reside in the near disc. The contribution of planet detections
by each component is 60, 30, 3 and 7 percent for the bulge, thin disc, thick disc and
stellar halo populations, respectively. The distribution of planetary host stars probed
by Euclid is very different to that probed by any other technique. For example, most
of Euclid’s host stars are M-dwarfs in the bulge, whereas most of Kepler’s host stars
are FGK-dwarfs in the disc (Howard et al. 2011). Unlike the lens stars, the majority of
source stars reside in the far bulge, with a small fraction in the far disc. Very few near
disc stars act as sources due to the low optical depth to sources on the near side of the
bulge.
5.4 Discussion
We have developed MaBµLS, an all-purpose microlensing simulator with a particular
focus on exoplanetary microlensing. Using the Besanc¸on Galaxy model (Robin et al.
2003) and comprehensive image simulations, it is the first microlensing simulator to
generate blending and event parameter distributions in a self-consistent manner. The
Marshall et al. (2006) three-dimensional dust model, combined with the use of evo-
lutionary tracks and stellar atmosphere models, enables realistic comparisons of the
performance of microlensing surveys that observe in different pass-bands in the opti-
cal and infrared.
As an example of MaBµLS’s use, we have simulated a 300-day planetary mi-
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crolensing survey by the Euclid space-craft. We show that of the J- and H-bands
available to Euclid,3 a survey primarily conducted in H will perform best, detecting
∼6 Earth-mass planets during the survey, compared to ∼4 for the J-band survey, both
assuming there is one Earth-mass planet per star with semimajor axis between 0.03
and 30 AU. Using perhaps more realistic assumptions of the planetary mass function,
Euclid could expect to detect of the order of 100 Earth-mass planets and a similar
number of Mars-mass planets. Such low-mass planets in the orbits probed by Eu-
clid (0.5–10 AU) are inaccessible to any other planet detection technique, including
microlensing surveys from the ground.
MaBµLS is still under active development, but is already a powerful tool for the
optimization of microlensing surveys. Euclid has only just been selected by ESA, and
the mission and its surveys will enter a more intensive process of development in the
coming few years; MaBµLS will play a major role in the design and optimization of a
Euclid microlensing survey. There are also exciting possibilities for the use of MaBµLS
in planetary detection efficiency calculations for current ground-based surveys. How-
ever, we devote the rest of this chapter to a discussion of some of the current limitations
of the simulator and our plans to develop it in the context of the Euclid mission.
5.4.1 The Besanc¸on model
The Besanc¸on model has been in development for over 25 years (Robin and Creze
1986) and is by this point a highly sophisticated model of the Galaxy. This develop-
ment is not complete and the model will continue to be refined as ever more data on
the Galaxy becomes available. The version of the model we have used in this chapter
includes an improved model of the Galactic bulge but with parameters that have since
been updated (Robin et al. 2011). This active development, independent of MaBµLS,
is extremely valuable, enabling MaBµLS to incorporate the latest understanding of the
Galaxy without any need to update the simulator itself.
3Surveys with NISP Y and VIS RIZ as the primary band have not yet been simulated.
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The continuing development of the Besanc¸on model reflects our still relatively lim-
ited understanding of the Galaxy. This is especially the case when it comes to the bulge,
where the interpretation of observations is extremely challenging due to the multiple
stellar populations and large amounts of dust along the line of sight. Studies of the
triaxial bulge/bar exemplify this, with different investigators reporting bar angles rang-
ing from 10 to 40◦ (e.g., Picaud and Robin 2004; Rattenbury et al. 2007; Benjamin
et al. 2005) and the evidence is building for more than one structure (e.g., Babusiaux
and Gilmore 2005; Nishiyama et al. 2005; Cabrera-Lavers et al. 2007). Such uncer-
tainties in structures and their parameters must propagate through our simulations and
on into our absolute yields in a way that is difficult to quantify. Nevertheless, the
Besanc¸on model is the most self-consistent Galactic model to be used in microlensing
simulations to date. This will be reflected in comparative studies such as the survey
optimization we plan to perform.
5.4.2 Systematics
For the simulations presented here we have assumed a somewhat arbitrary value of
the amplitude of systematic photometry errors that can be expected with Euclid data.
Preliminary examination of the simulations suggests that our results could be quite
sensitive to this choice, as in many cases the photometric noise is dominated by the
systematic component and not photon noise. This warrants that we look more closely
at the effect of systematics in future work. It is very important to investigate how
expected yields will vary with differing amplitudes of systematic error, as the value
we use may be a significant overestimate. Certainly, the tight control of systematics
required by Euclid for galaxy-shape measurements should mean that Euclid will be
one of the best-characterized optical observatories ever built (Euclid red book). To
what degree this control will translate to crowded field photometry, however, is not yet
clear.
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5.4.3 Planet mass measurements
In this work we have presented estimates of the expected planet detection yield for
a Euclid microlensing survey. While space-based microlensing offers significantly
higher yields per unit time than do ground-based observations, this is not the only moti-
vation for space-based observations. A standard planetary microlensing event does not
automatically imply a measurement of planet mass or semimajor axis, only the planet-
star mass ratio and the projected star-planet separation in units of the Einstein radius
rE. As discussed in Chapter 2, to measure the planet mass we must measure the lens
mass, either by detecting subtle, higher-order effects in the microlensing lightcurve,
such as microlensing parallax (e.g., Gould 2000a; An et al. 2002), or directly detecting
the lens star (Alcock et al. 2001a; Kozłowski et al. 2007). Without these the mass can
only be determined probabilistically (e.g., Dominik 2006; Beaulieu et al. 2006). The
projected separation in physical units can be determined if the lens mass and distance
are known (as well as the source distance, which it is possible to estimate from its
colour and magnitude). Determining the semimajor axis will require the detection of
orbital motion (Bennett et al. 2010; Skowron et al. 2011), but this will only be possible
in a subset of events (see Chapter 3).
For a survey by Euclid we expect parallax measurements to be rare. Parallax effects
are strongest in long microlensing events lasting a substantial fraction of a year due to
the acceleration of the Earth (Gould 1992), but Euclid’s seasons will be too short to
constrain or detect a parallax signal in most events (Smith et al. 2005). However, thanks
to the high-resolution imaging capabilities of the VIS instrument, lens detection should
be routine (Bennett et al. 2007). In events where the light of the lens is detected, the
lens mass and distance can be determined by combining measurements of the angular
Einstein radius θE (which gives a mass-distance relation, see Equation 2.7) with a main-
sequence mass-luminosity relation. Measurement of θE should be possible in most
events, either from finite-source effects in the lightcurve or by measuring the relative
lens-source proper motion as the pair separate (Bennett et al. 2007).
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It is also possible to estimate the lens mass and distance from measurements of
it colour and magnitude (Bennett et al. 2007). From a single epoch of NISP and VIS
images, this will likely not be possible. However, over each season at least 100 images
will be taken in each VIS and NISP band, which will be randomly dithered. These can
be stacked to form a much deeper, higher-resolution image in each band. From these
images it should be possible to isolate the source (whose brightness is known from
the lightcurve) from any blended light. After subtracting the source, if the remaining
light is due to the lens, its mass can be estimated from its colour and magnitude. The
planet mass can then be determined, as the planet-host mass ratio is known from the
lightcurve. However, if either the source or lens has a luminous companion, estimating
the lens mass will be more difficult (Bennett et al. 2007).
We do not attempt to estimate the number of planet detections with mass measure-
ments in this work, but note that the image simulations we have developed provide the
necessary tools to perform this calculation. In future work, to get an accurate estimate
of the uncertainties on measured planet parameters, we will stack simulated images
that have been dithered and attempt to extract from them measurements of the lens
colour and magnitude and the lens-source proper motion. We will combine these with
estimates of the lightcurve parameter uncertainties from Markov Chain Monte Carlo
fits to the lightcurve data in order to fully estimate the uncertainty on the planet mass
and projected separation in physical units. These calculations will allow a full deter-
mination of planetary microlensing figures of merit, such as the one defined by the
WFIRST Science Definition Team (Green et al. 2011).
5.4.4 Survey optimization
The survey we simulate in this work has not been optimized. There are many factors
that can be varied to increase planet yields, such as the choice of target fields, the
number of target fields and the strategy with which they are observed. However, planet
yields are not the only measure of the scientific yield of the survey. For example,
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planetary-mass measurements without the need for additional follow-up observations
are an important goal of the Euclid microlensing survey, and so any assessment of the
relative performance of different possible surveys must also evaluate performances in
this respect. Figures of merit will be used to quantify the optimization process.
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6Summary and future work
In Chapter 3 we simulated microlensing lightcurves by orbiting-binary lenses in order
to determine the fraction of binary-lens lightcurves that are affected by orbital motion.
This was done by fitting the lightcurves with static binary-lens models. Those that were
poorly fit by the static model were counted as orbital motion detections. We corrected
for systematic false-positive detections by also fitting the lightcurves of static-binary
lenses. We found that for a continuous-monitoring survey without intensive follow-up
of high-magnification events, the orbital motion detection efficiency ǫOM for planetary
events with caustic crossings is ǫOM = 0.061 ± 0.010, consistent with observational
results; for planetary events without caustic crossings ǫOM = 0.0130±0.0055. Similarly
for stellar binaries, we found ǫOM = 0.098 ± 0.011 for events with caustic crossings
and ǫOM = 0.048 ± 0.006 for events without caustic crossings.
We also investigated how various microlensing parameters affect the orbital motion
detectability. We found that the orbital motion detection efficiency increases as the
binary mass ratio and event timescale increase, and as the impact parameter and lens
distance decrease. For planetary caustic-crossing events, the detection efficiency is
highest at relatively large values of semimajor axis ∼4 AU, due to the large size of
the resonant caustic at this orbital separation. Effects due to the orbital inclination are
small and appear to only significantly affect smooth stellar binary events.
We find that, as suggested by Gaudi (2009), it is possible to classify many orbital
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motion events into one of two classes. The first class, separational events, typically
show large effects due to subtle changes in resonant caustics, caused by changes in the
projected binary separation. The second class, rotational events, typically show much
smaller effects which are due to the magnification patterns of close lenses exhibiting
large changes in angular orientation over the course of an event. These changes typi-
cally cause only subtle changes to the lightcurve.
In Chapter 4 we studied rapidly-rotating lenses (RRLs), having found examples of
detectable binary lenses orbiting with a period similar to their microlensing timescale
in the previous chapter. That these events are detectable is remarkable because the
strength of binary-lens features decreases rapidly as the orbital separation decreases.
Yet, we show both analytically and numerically that it is possible to detect repeating
features in the lightcurve of binary microlenses that complete several orbits during
the microlensing event. We use a simulation to estimate the rate of RRL events for a
ground-based and space-based microlensing survey to be 0.32 fb and 7.8 fb events per
year, respectively, assuming year-round monitoring and where fb is the binary frac-
tion. We also detail how RRL event parameters can be quickly estimated from their
lightcurves, and suggest a method to model RRL events using timing measurements
of lightcurve features. Modelling RRL lightcurves will yield the lens orbital period
and possibly measurements of all orbital elements including the inclination and eccen-
tricity. Measurement of the period from the lightcurve allows a mass-distance relation
to be defined, which, when combined with a measurement of microlens parallax or
finite-source effects, can yield a mass measurement to a two-fold degeneracy. It may
be possible to remove this degeneracy, even with only relatively weak limits on finite-
source effects or on the microlensing parallax.
In Chapter 5 we develop a microlensing simulator: the Manchester-Besanc¸on mi-
croLensing Simulator, or MaBµLS. By drawing on the Besanc¸on population synthesis
Galactic model and performing detailed image simulations, this simulator is one of
the most comprehensive microlensing simulators yet developed. Synthetic images are
created by using a detailed set of detector parameters and a numerical or analytic point
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spread function. Microlensing events, together with stars drawn from the Besanc¸on
model, are added to the image and photometry performed. MaBµLS can simulate mi-
crolensing surveys conducted by a combination of observatories on the ground and
in space, observing in different pass-bands and with a potentially complex observing
strategy. The simulator has been designed to be modular, so that the user can define
their own lightcurve-generator and detection-criteria functions in order to study differ-
ent phenomena.
We have demonstrated the use of MaBµLS by applying it to the recently selected
Euclid space mission. A microlensing survey has been proposed as an additional sci-
ence program on the mission. We show that such a survey will detect ∼6 Earth-mass
planets if there is one such planet per star with a semimajor axis in the range a = 0.03–
30 AU. If instead of this we assume that the planetary mass function follows values
recently measured, of the order of 60 Earth-mass planets (0.6–1.8M⊕) should be de-
tected, along with similar numbers of all other planet masses.
6.1 Future work
At the time of writing Chapter 3 there was only one event where orbital motion had
been used to obtain a measurement of orbital parameters (Bennett et al. 2010). This
event was clearly a special event containing signatures of two planets as well as orbital
motion signatures, and at the time it was certainly possible that such an event was a
fluke. However, since that time two more events have yielded fairly strong Keplerian
orbital parameter constraints (Skowron et al. 2011; Shin et al. 2011), suggesting that
such measurements should be possible in a reasonable fraction of events. The amount
of work needed to model such events is significant because the full orbital motion
parameter space is large. It is possible that an ‘assay by simulation’ of orbital motion
events, following an approach similar to that taken in Chapter 3, may contribute to
the understanding of the parameter space. The rationale is as follows: rather than
fitting the simulated events with static-binary models, one would fit them with full
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Keplerian models. This time it would not be the degree of agreement between models
that was of interest, but the uncertainty in the parameters that could be derived. A
Markov Chain Monte Carlo minimizer would be the most appropriate tool to estimate
the uncertainties, as in many cases there may be broad, shallow and/or degenerate χ2
minima. The results of this simulation would hopefully be a map of the parameter
space suggesting where strong orbital constraints could be obtained. However, it is not
clear if such an endeavor would succeed in producing sufficient significant results to
reward the required work.
In Chapter 4 we showed that there was a reasonable chance that RRLs would be
detected, either in archival data, or in data that will be collected in the near future.
The best chance of detecting RRLs would appear to be in OGLE-IV data. OGLE-IV
began alerting microlensing events this year and the list of alerts has exceeded 1500,
i.e., OGLE-IV is detecting over two and a half times the number of events that OGLE-
III was detecting. Also, certain fields are now sampled with a much higher cadence.
After a few years of routine operation, once the OGLE-IV baseline has been built-
up, a search for RRL events in conjunction with a search for parallax and xallarap
events similar to those by Smith et al. (2002a) and Poindexter et al. (2005) would
likely produce interesting results.
Perhaps the most promising line of future work will be the exploitation of MaBµLS.
The simulations we have presented are effectively preliminary results; we are awaiting
an updated set of parameters for Euclid, following the announcement of its selection
early in October 2011, in order to run full simulations comparing each of the available
band-passes and investigating the effects of systematics. There is also a small amount
of work needed to implement simulations of mass measurements by direct detection
of the lens and to begin performing figure of merit simulations. However, all the tools
for this are ready, they just need to be brought together.
A potentially valuable extension to MaBµLS would be to make it an end-to-end
simulator. At present MaBµLS has the capability to produce realistic images, but it
skips over perhaps the most crucial phase of the production of lightcurves: crowded
206 SIMULATIONS OF GRAVITATIONAL MICROLENSING
6.2: WIDER IMPACT
field photometry. MaBµLS currently simulates aperture photometry, but it would pro-
duce more realistic results, together with many of the systematic errors, if it were
to run standard crowded field photometry (CFP) routines on the simulated images.
Such a development will almost certainly be needed to perform realistic simulations
of ground-based surveys. However, it would come at considerable computational cost,
due to the additional image processing. That said, it is likely that the additional realism
would be well worth the additional expense.
6.2 Wider impact
In Chapters 3 and 4 we have focused on the somewhat specialized topic of orbital mo-
tion in microlensing, a relatively rarely-detected effect. However, by making possible
the measurement of the semimajor axis and other orbital parameters, orbital motion de-
tection can enable the like-for-like comparison of microlensing planet detections with
those made by radial velocities and other methods. In fact, through the measurement of
orbital motion signatures, Skowron et al. (2011) recently predicted the radial velocity
signature of a binary microlens, which falls within the sensitivity range of current radial
velocity instruments. This makes possible the first independent test of a microlensing
detection and interpretation. The application of this process to other events will prove
invaluable in tying together the disconnected parameter spaces of each planet detection
technique, therefore allowing a more complete picture of the distribution of planetary
systems to be developed.
In Chapter 5 we have developed a powerful tool for optimizing an exoplanetary
microlensing survey by Euclid. Such a survey will probe the distribution of cold, low-
mass planets at the position of the snow-line and beyond, completing the census of
Earth-mass planets that Kepler has begun. The combined data sets of each method,
with large numbers of detected planets, will allow theories of planet formation and
evolution to be tested to an unprecedented degree. An understanding of these pro-
cesses and the planetary systems that they form will ultimately lead to a much better
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understanding of the number and types of planets that can potentially harbour life,
which in turn will contribute to estimates of the abundance of life in the universe.
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Appendix A
On the choice of detection criteria
In this appendix we discuss the choice of ∆χ2 threshold for planet detections in Chap-
ter 5, though much of the discussion also applies to the choice of threshold used in
Chapter 3. In Chapter 5, we are concerned with determining if a planetary microlens-
ing signature can be said to be detected.
The problem at hand is one of model selection: do we prefer the simpler single-lens
model (model S ), or do we prefer the more complicated planetary model (model B –
for binary)? We can evaluate this quantitatively in a Bayesian framework, using our
lightcurve data and our prior knowledge about the models and their parameters (see
Gregory 2005, for a review). The posterior probability we assign to model S given the
data D and background information I, P(S |D, I), is by Bayes theorem
P(S |D, I) = P(D|S , I)P(S |I)
P(D|I) , (A.1)
where P(D|S , I) is the probability of the data given the model, i.e., the likelihood,
P(S |I) is the prior probability we assign to the model and P(D|I) is the evidence. A
similar expression can be written for the posterior probability we assign to model B,
P(B|D, I).
To compare our two models we can take the ratio of their posterior probabilities,
the Bayes factor,
P(B|D, I)
P(S |D, I) =
P(D|B, I)P(B|I)
P(D|S , I)P(S |I) , (A.2)
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where the evidence has cancelled out. If this ratio is large, then we favour the binary-
lens model to that of the single lens. We may take the ratio of prior probabilities
P(B, I)/P(S |I) to be of the order of one, i.e., the lens is roughly as likely to be orbited
by a planet as it is not to be. This leaves us with the ratio of likelihoods to be calculated.
The likelihood of model S , which has the set of parameters ~θS , is
P(D|S , I) =
∫
P(D|~θS , S , I)P(~θS |S , I)d~θS , (A.3)
where P(D|~θS , S , I) is the likelihood of the set of parameters ~θS , P(~θS |S , I) is the prior
probability of the parameters, and the integral marginalizes over the range of each
parameter. A similar expression can be written for the likelihood of model B, P(D|B, I),
marginalized over the parameters ~θB.
The likelihood is related to the χ2 for model S as
P(D|~θS , S , I) ∝ exp
−χ2S (~θS )2
 , (A.4)
where χ2S (~θS ) is the χ2 of the single-lens model with parameters ~θS and where the terms
hidden by the proportionality sign depend only on the data. A similar expression can be
written for P(D|~θB, B, I). The hidden data terms are equal for both models and can be
taken outside the integral in Equation A.3 and will cancel each other in Equation A.2.
Before deciding on the priors of each parameter, we note that the single-lens model
is a special case of the binary-lens model, with the parameters q (the mass ratio) and
s (the projected separation) equal to zero and the source trajectory angle α becom-
ing completely degenerate;1 the other parameters of the model are identical. Also, in
most cases the source radius ρ∗ (in units of the Einstein radius) is almost completely
degenerate in the single-lens model but not in the binary-lens model. If we choose
uninformative, uniform priors (or logarithmic where necessary) on the common free
parameters of the models, then the prior for each parameter can be taken outside of the
integral in Equation A.3 to be cancelled in Equation A.2. We can also choose uninfor-
mative, uniform priors for the remaining four parameters of the binary-lens model s,
1α should not be confused with the mass-function slope.
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q, α and ρ∗ to take them outside the integral. The priors
P(log s|B, I) = 1
2 − (−1) , P(log q|B, I) =
1
0 − (−8) , (A.5)
P(log ρ∗|B, I) = 1−1 − (−7) and P(α|B, I) =
1
2π
, (A.6)
are suitably uninformative, i.e., 0.1 ≤ s ≤ 100, 10−8 ≤ q ≤ 1, 0 ≤ α < 2π and
10−7 ≤ ρ∗ ≤ 0.1.
We can now write down the ratio of posteriors
P(B|D, I)
P(S |D, I) =
1
288π
∫
e−χ
2
B/2d~θB∫
e−χ
2
S /2d~θS
. (A.7)
If we assume that the likelihood functions for both models are well described by mul-
tivariate Gaussians and that the parameters are uncorrelated, we can approximate the
marginalized likelihood (Equation A.3) as
P(D|S , I) ≈
 N∏
i=0
√
2πσi
 exp
χ2S ,min2
 , (A.8)
(see, e.g., Gregory 2005) where σi is the uncertainty on the ith parameter of ~θS and
χ2S ,min is the χ2 of the best-fitting single-lens model, and similarly for P(D|B, I). From
here on we will drop the ‘min’ subscript and all usage of χ2 that follows will assume
that it is the χ2 of the best-fitting model. We will return to the assumption of no
correlation later.
It is reasonable to assume that the uncertainties on the common parameters of each
model will be of similar magnitude, (though the uncertainty of these parameters in the
binary-lens model will be slightly larger due to the additional freedom afforded by each
additional free parameter). The uncertainties on the common parameters then cancel,
and we are left with
P(B|D, I)
P(S |D, I) ≈
(2π)2σlog sσlog qσασlog ρ∗
288π
e−χ
2
B/2
e−χ
2
S /2
(A.9)
≈ π
72
σlog sσlog qσασlog ρ∗ exp
(
∆χ2
2
)
, (A.10)
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where ∆χ2 = χ2S − χ2B. As ∆χ2 can become very large, it is helpful to take logs of both
sides of Equation A.10
∆L ≈ ∆χ
2
2
+ lnσlog s + lnσlog q + lnσα + lnσlog ρ∗ − 3.1, (A.11)
where ∆L = ln P(B|D, I) − ln P(S |D, I); note the order of the subtraction is opposite
to that of ∆χ2. So, if ∆L & 3 or so, i.e., the ratio of posterior probabilities is greater
than 103 or so, then the binary-lens model is favoured. In fact, if we want to be con-
servative and require that the binary model be ‘strongly favoured’ we should require
∆L > 10 (Jeffreys 1961; Robert et al. 2009).
Equation A.11 implies that for a fixed ∆χ2 we will be less likely to believe a de-
tection the smaller the error bars on its parameters are. This is to be expected. We
should be suspicious of a model if the parameters need very fine tuning to produce
only a weak signal. Assuming that the uncertainties on each parameter were equal,
even for ∆χ2 = 100, which is below our adopted threshold, the uncertainty would have
to be < 10−4 on each parameter in order to warrant suspicion about the detection. This
seems to be unlikely for planetary microlensing events.
At this point it is worth investigating some examples. Figures A.1 and A.2 show
two example lightcurves of ∆χ2 ≈ 100 from an earlier simulation of the Euclid mission
using a version of MaBµLS that did not include image simulations. Figure A.1 involves
a Mars-mass planet, and the planetary deviation is very localized. Figure A.2 involves
a 100-M⊕ planet with a deviation that covers a significant fraction of the lightcurve,
but with an amplitude less than the uncertainty in individual data points. We performed
a Markov Chain Monte Carlo (MCMC) minimization using the method of Doran and
Mu¨ller (2004) on each of the lightcurves in order to evaluate the uncertainties on the
event parameters.
The results of the MCMC minimization are shown in Figure A.3. It is clear that
these ∆χ2 ≈ 100 detections provide measurements of the mass ratio and projected sep-
aration of the planets, though the uncertainties in these measurements are significantly
larger than those for a much stronger detection such as that shown in Figure A.4. The
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Figure A.1 – Lightcurve of a 0.1-M⊕ planet orbiting a 0.14-M⊙ star at 0.68 AU, which is
detected with ∆χ2 = 103. The planet causes a ∼2-day deviation in the wing of the host
star’s microlensing event, which has an amplitude similar to the accuracy of the primary H-
band photometry. Different coloured points with error bars show photometric data points and
their uncertainties in different bands, magenta showing data in the broad visual-band (VIS) and
green, blue and red showing data in the near infrared Y-, J- and primary H-band respectively.
The black line shows the best-fitting point-lens model. The inset figure shows a close-up of the
planetary deviation, with VIS data points removed for clarity. Fluxes in each band have been
scaled to that of the H-band. All other lightcurve examples in this Appendix will follow the
same conventions, unless otherwise stated. The events shown in this chapter were generated in
a previous version of MaBµLS which did not use image simulations.
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Figure A.2 – A ∆χ2 = 102 detection of a 100-M⊕ planet orbiting a 0.21-M⊙ star at 1.3 AU.
The inset shows the residual with respect to the best-fit point-lens model. The deviation, which
covers most of the event, is clearly detectable in the binned H-band residuals, shown with cyan
points.
∆L values for each of the examples are:
• 0.1-M⊕ planet (top left of Figure A.3): ∆L = 32.1,
• 100-M⊕ planet (top right): ∆L = 35.9,
• 10-M⊕ planet (bottom left): ∆L = 29400,
where we have taken the errors on each parameter to be the projected uncertainties (i.e.
the square root of the variance of the parameter values of points in the MCMC run). In
each case the binary-lens interpretation is strongly favoured. However, it can be seen
that in some cases the parameters are correlated. Correlations will reduce ∆L, because
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Figure A.3 – Results of an optimized Markov Chain Monte Carlo (MCMC) routine used to
model the lightcurves of the example events shown in Figures A.1 (top left-hand panel) and
A.2 (top right-hand panel). The red, green and blue points fill in 1-, 2- and 3-σ error ellipses
in the log q–log s plane, respectively. The inset panels show the planetary deviation being
modelled. The bottom right-hand panel shows the results of an MCMC minimization for a
much stronger ∆χ2 = 58900 detection, the lightcurve for which is shown in Figure A.4. These
three panels are shown at the same scale, with a range in log s of 0.1 and a range in log q of
1. The bottom left-hand panel zooms in by a factor of ten on the error ellipse for the strong
detection.
the error ellipses will fill a smaller fraction of the space allowed by the priors than is
suggested by their projected errors. However, even for the ∆χ2 cases we show, the
correlations would have to be extremely strong to reduce ∆L to 10. This suggests that
a ∆χ2 threshold of 100 or even lower may be sufficient to define a planet detection.
We have derived an approximate expression for the Bayes factor of a model se-
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Figure A.4 – A strong, ∆χ2 = 58900, detection of a 10-M⊕ planet orbiting a 0.14-M⊙ star at
0.82 AU.
lection problem between a binary- and a single-lens model of a microlensing event.
The uncertainties of the binary-lens model parameters for two low-χ2 example events,
suggest a ∆χ2 threshold of 100 would be sufficient to claim detection of a planet, and
that even lower thresholds may be possible. However, while we have shown that a
binary-lens interpretation is strongly favoured over a single-lens model, we have not
shown that it is preferred over any other plausible models, such as a binary-source star
being lensed, or a blended irregular or long-period variable star. These are not simu-
lated in our model so it is easy to rule them out, but in the real data this will not be so
easy. Each of these types of potential false positive event may or will occur and some
of their lightcurves will pass the simple ∆χ2 cut we have used here. The ∆χ2 cut will
not be the only cut that planet detections will have to pass. In future work it will be
important to model these cuts as well.
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